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PIEU KIEN TOI UU CHO HAU TUA €-NGHIEM CUA
BAI TOAN TOI UU KHONG LOI VOI VO HAN RANG BUQC

Tran Vin Thach
Truong Pai hoc Thu Dau Mot

TOM TAT
Sw dung dieu kién Karush-Kuhn-Tucker suy réng chinh xdc dén € va dua trén tinh chat
£ gla loi dp dung cho cdc ham Lipschitz dia phwong co trong bai todn, ching 10 thiét ldp
mot s6 dieu kién di t6i wu cho cde hau twa e-nghiém cia bai todn t6i wu khéng 16i ¢6 vo
han rang bugc.

Tir khéa: diéu kién Karush-Kuhn-Tucker suy rong chinh xdc dén €, hau tva € -nghiém

1. GIOI THIEU

Trong bai bdo nay, ching tdi thiét 1ap mot s6 diéu kién tdi wu x4p xi cho bai todn tdi uu
khong 16i. Chu d€ nay da dugc quan tam bdi nhiéu tac gid trong nhitng ndm gan day nhu:
(2], [3], [4], [5], [6], [7].

Trong t6i uu, viéc tim hi€u cdc nghiém xap xi cua bai todn la van dé can thiét. Ngoai
khai ni€ém €-nghiém co6 tinh chat toan cuc, con cé cac khai niém nghiém xap xi mang tinh
dia phuong nhu: tya € -nghiém, hau tya €-nghiém. Néu nhu cidc nghi¢m t6i vu ctia bai todn
161 c6 tinh toan cyc thi d6i véi bai todn khong 161, viéc nghién ctiru vé nghiém dia phuong to
ra thich hop hon.

Chung tdi xét diéu kién tdi wu cho céc hu twa €-nghiém ddi v6i bai todn tdi wu khong
161 c6 dang sau day:

(P) Minimize f(x)

subjectto g, (x)<0,teT,
xe C,

trong d6 f,g, : X = R,te T, la cdc ham Lipschit dia phuong trén khong gian Banach X, T
1a tap chi sb ¢4 thé vo han, C la tap 16 dong trong X. Két qua cua chung t6i duoc phat trién
tir bai bao [6] va [7], & d6 diéu kién giﬁ toi vu duoc thiét lép dua trén diég kién Karush-
Kuhn-Tucker (KKT) cung vo6i tinh chat chinh quy, tinh tya 161 va tinh gia 161 4p dung cho
cac ham so trong bai todn.
2. KIEN THU'C CO BAN
_ Trong bai bdo nay, X la khong gian Banach, T 1a khong gian t6-pd compact, C la tap
161 dong trong X, va f: X — R la ham Lipschitz dia phuong trén X. Gia st rang cac ham
rang bugc g,: X — R, la cdc ham Lipschitz dia phuong theo x déu theo t, tirc 12, véi mdi
x € X, ton tai 1an can U cta x va hiang sé6 K >0 sao cho
g (z)—g(z)|<Kliz-z'll, Vz,z'e U,Vte T.
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Céc khai niém sau day dé dang tim dugc trong tai liéu Clarke [1].

Cho f: X — R la ham Lipschitz dia phuong.

Pao ham theo hudng cua f tai z€ X theo huéng de X, ky hiéu f'(z;d), dugc dinh

. f(z+td)-f
nghia boi £'(z:d) = lim L2 D =12)
+
t—0 t

Pao ham Clarke theo hudng suy rong cia f tai z€ X theo huéng de X, ky hiéu

pf(Z+h+td)—f(Z+h)
t

néu gidi han trén ton tai.

f°(z;d), duoc dinh nghia f°(z;d) = lim su va duéi vi phan
h—0
t—0"
Clarke cua f tai z€ X, ky hiéu 0°f(z), duwoc dinh nghia boi
9°f(z)={ue X'l u(d)<f°(zd),vde X} trong d6 X" 1a khong gian ddi ngiu cita X.
Ham Lipschitz dia phwong f duoc goi 1a chinh quy (tya kha vi) tai ze X néu f'(z;d)
ton tai va £°(z;d) =f (z;d) véimoi de X.
Cho C Ia tap con déng trong X va khéc rdng. Nén tiép tuyén cua C tai z, ky hiéu
T (z) duoc dinh nghia T.(z) = {x € X1di(z;x) = O}, trong d6 d. la ham khodng céch.
N6n phép tuyén ciia ze C, ky hiéu N (z), dugc dinh nghia boi
Ne(z) ={ue X lu(x)<0,Vxe To(2)}.
Khi C 12 tap 16i thi N(z) trung v6i nén phép tuyén thong thuong trong giai tich 16i
N.(z) ={ue X lu(x—2)<0,Vx e C}.
Pinh nghia 2.1. Cho C < X va f : X — R 1la ham Lipschitz dia phuong.
(i). Ham f dugc goi 1a gia 16i tai ze C néu
Vxe C:f(x)<f(z), Vue 0°f(z) = u(x—2z)<0.
(ii). Ham f duoc goi 12 tya 16i tai ze C néu
Vxe C:f(x)<f(z), Vue d°f(z) = u(x-2)<0.
~ Dinh nghia 2.2. Cho Cc X va €>0. Motham f:X — R goi la €-gia 16i tai ze C
néu théa man 2 diéu kién sau:
(i). f 1a ham Lipschitz dia phuong tai z;
(i). Vde X:z+de C, f(zd)+e|d|>0 = f(z+d)+e|d|=f(2).

Pinh nghia 2.3. Cho C la tap con trong X va € 20. Mot ham f:X — R dugc goi la
€-ntra 10i tai ze€ C néu thoa man 2 diéu kién sau:
(1). f chinh quy tai z,

(i). Vde X:z+de C, f°(zd)+e|d|>0 = f(z+d)+e|d|>f(2).

Khi € =0 thi ham f trong dinh nghia trén, dugc goi 1a ham nura 13i tai z.

Ching toi st dung khéng gian tuyén tinh R, 1a tap hop cic day suy rong
A =(A,),r. trong d6 nhitng A, # 0 nhiéu 1im Ia hiru han. V&i A= (A,)e R'", gid ciia A
duoc ky hiéu T(L), 1a tap hop dugce xdc dinh bsi T(A) ={te T1 A, # 0}.
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Hién nhién T(A) 1a tap con hiru han cia T. N6n khong 4m trong R™ | ky hiéu RSrT)
duoe xdc dinh boi R{” ={(A,)e R I 4, >0,vte T}.

D& thay rang tap hop RSFT) 12 mot nén 16i trong R‘™ . Khong gian R dugc trang bi
L4 . — _ (T)
|» Xdc dinh nhu sau: ”7\,”1 = Z|7ut| = Z |7\,t , VAe R,

teT teT(A)

chuan || )

véi Ae R va g.,te T, la nhitng ham Lipschitz dia phuong trén X, ching ta quy
udc:
> Mg, khi TW) =D,

thgt =< teT(A\)
€T 0 khi T(A)=4.

Vi bai toan (P), ky hi¢u A 1a tap chép nhan cua (P), duogc xac dinh béi
A={xe Xl g,(x)<0, Vte T}.
Cho €>0, tap €-chip nhan cia bai toan (P), ky hiéu A, , duoc xédc dinh bdi
A, ={xe XI g (x)<e, Vte T}.
Pinh nghia 2.4. Cho € >0. Phan tir ze A, duogc goi la:
(i). mot hau €-nghiém cia bai todn (P) néu f(z) <f(x)+¢€, Vxe A;
(ii). mot héu tya €-nghiém cta bai toan (P) néu (z) < f(x) +e|x -z
3.MOT SO KET QUA
Dé thiét 1ap cdc diéu kién di cho hau tya €-nghiém cua bai todn (P), ching toi nhéc lai
mot vai két qua trong [6]. Chiing ta ky hiéu (A) 1a diéu kién ma né théa man it nhat mot
trong hai diéu kién sau:
(al). X tach duoc;
(a2). X métric héa duge va 0°g, (x) 1a “nua lién tuc trén” theo te T voi x € X.
Ménh dé 3.1 [6, Theorem 4.1]. Cho €>0va z.€ A la €-tya nghiém cua (P). Gia
thiét rang diéu kién (A) duoc thoa man. Néu didu kién sau day duoc théa mén
dde To(z,): g (z.;d) <0, Vte I(z,) ={te Tl g, (z,) =0},
va bao 16i cua tap {uacgt(x) Ite TC(ZS)} 1a déng yéu', thi ton tai Ae R'" sao cho
0€ 3°F(z,)+ D A 3°g(z)+ Ne(z,) +VEB", g(z)=0,vte TL), (.1
teT

trong d6 B" 12 hinh cu don vi dong trong X"
Néu cip (z.,\) thoa man diéu kién (3.1) thi né duoc goi 1a cip Karush-Kuhn-Tucker

(KKT) chinh xdc dén €. M& rong khai niém nay, ta c6 dinh nghia sau day.
Pinh nghia 3.1. Cho £>0. Cip (z,,A)e A, xR'" duoc goi Ia thoa didu kién KKT

, Vxe A.

suy rong chinh xac dén € néu
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0e 0°f(z,)+ > A 9°g,(z) + Ne(z,) +VeB', g,(z,)>0,¥te T(L), tong d6 B’
teT
12 hinh ciu don vi d6ng trong X". Khi d6 cap (z.,A) dugc goi la cap KKT suy rong chinh
xdc dén €. N6 dugc goi la chatnéu g (z,)>0,Vte T(A).
Su hop ly cua dinh nghia cdp KKT suy rong nay dua trén mét dinh 1y da duoc gidi
thi¢u trong bai bdo [6], & d6 da chi ra sy ton tai ctua diéu ki¢n
O 0°f(z,) + Zktacgt(z£)+ Nc(z,)+~/eB'néu z, la mot hau tya €-nghiém cua
teT
(P). Tir d6 cap KKT suy rong chinh xdc dén € dwoc ding dé khao sit nghiém tbi wu xap xi
cua bai toan (P). o .
Pinh ly 3.1 [6, Theorem 4.3]. Vi bai toan (P), gia thiét rang C 1a tap con 16i trong X

va g,,te T, 1a cdc ham 16i. Cho € >0 va (z.,A)e A, xR\"” 1a cap KKT suy rong chinh
xdc dén €. Néu f 1a ham €-ntra 16i tai z, tuong ing véi C, thi
f(z,) <f(x)+e|x —z,], ¥x e Csao cho g,(x) < g,(z,),Vte T(A).

Dic biét, z, 1a mot hiu tya €-nghiém ciia bai toan (P).

Pau tién ching t6i 1am yéu gia thiét trong Dinh 1y 3.1, bang cdch md rong ham muc
tiéu tir €-nura 16i thanh €-gia 10i; dong thoi thay cdc ham rang budc tir cac ham 161 boi cdc
ham chinh quy va tyua 16i.

Pinh 1y 3.2. Vi bai toan (P), cho €>0 va (z,,A)e A, xR'", Ia cip KKT suy rong
chinh xdc dén €. Gia st rang C 1a tap 16i trong X, f 1a ham €-gia 16i tai z, va g, te T, la
cédc ham chinh quy va tua 15i tai z.. Khi d6 f(z,) <f(x) +\/EHX -z,
g.(x)<g,(z,),Vte T(N).

Dic biét, z, 1a mot hiu tya €-nghiém ciia bai todn (P).

, Vx e C sao cho

Chirng minh.

Gid sir (z,,A)e A, xR{" 1a cip KKT suy rong chinh xc dén €. Ta c6

0€ 0°f(z,)+ Y A0°g,(z.) + N¢(z,) +/eB", g,(z,)20,Vte T(\).
teT

Khi d6, ton tai ue o°f(z,); v, € 0°g,(z,),te T; we N.(z,); s€ B,

sao cho u+Z:7»tVt +w++/es=0.

teT
Vise B ={V€ X'Iv(x) < Hx

,VX € X} nén s(x —z,) S”x—z8

, Vxe C.

Vi we Ne(z,) ={ve X" Iv(x—2,) £0,Vx e C} nén w(x—2,)<0, VxeC.
Két hop cic bat dang thirc trén ta duoc
u(X—Z€)+Z7\,tVt(X—ZS)+\/E.HX—ZSH >0, VxeC. (3.2)

teT

Liy x € C saocho g, (x) < g, (z,),Vte T(L).

Vi v, € 9°g,(z,),Vte T va g, te T, lanhimg ham tya 16i tai z,,
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nén theo Pinh nghia 2.1, tacé v, (x —z,) <0, Vte T(A). (3.3)
Mat khdc, vi ue 0°f(z,) nén u(x—z,) <f°(z.;x—2z,). (3.4)
Keét hop céc két qua (3.2), (3.3) va (3.4), ta dugc

fo(ze;x—z€)+\/g||x—z€|| >0.

Do f1a ham €-gia 16i tai z,, nén theo Dinh nghia 2.2, ta c6

F(x)+E[x 2z, 2 f(z,).

Vay f(z,) <f(x)+e[x 27|, ¥xe C (3.5)
théa man g,(x) < g (z,),Vte T(A).

Vi A c C nén bt dang thtic (3.5) ciing ding véi moi X € A .
Vay, theo Dinh nghia 2.4, z_ 1a mot hau tya €-nghiém cua bai todn (P).

Nhan xét. Mot ham 16i ciing 12 mot ham chinh quy va tua 16i. Mot ham €-nira 16
cling 1a mot ham €-gia 16i.’ Nén Dinh ly 3.1 dugc xem la mot hé qua cua Pinh 1y 3.2.

Sau day, ching t6i nhac lai khai niém ham Lagrange, nham van dung vao dinh ly sau.
Ham Lagrange L(.,,A) twong tng véi bai todn (P) dugc dinh nghia boi

f(x)+> Ag (x), khi (x,\)e CxR{"’
L(X, 7\,) = teT
oo, khi (x,A)g CxR{".

Biy gid ching t6i giam nhe gia thiét trong Pinh ly 3.1, cho ciac ham rang budc, dong
thoi trang bi thém ham Lagrange thoa mén tinh €-gia 161, khi d6 ching tdi cling dua ra diéu
kién du cho sy ton tai nghiém tdi uu c6 tinh dia phuong.

Pinh 1y 3.3. Vi bai todn (P), cho €20 va (z,,A)e A, xR{" Ia cip KKT suy rong
chinh xédc dén €. Gid st rang C la tap 16i trong X va f, g,,te T, la cdc ham chinh quy tai
z,.Néuham L(.,A) la €-gia 16i tai z, thi

f(z,) <f(x)+Ve|x —z,], ¥x e C sao cho g,(x) < g,(z,),Vte T(X).

Dac biét, z, 1a mot hau twa €-nghiém cua bai toan (P).

Chirng minh.

Gia str (z., M) € A, XRSFT) 1a cdp KKT suy rong chinh xac dén €. Lap luan nhu trong
chtng minh (phan dau) ctia Pinh 1y 3.2, ton tai

ue df(z,); v,€d°¢,(z,),te T; we Nu(z,); se B, thoa man

u(x —z,)+ z Av (x—z,)+ \/EHX - ZE”Z 0, Vxe C-

te T

Liy x € C saocho g, (x) < g, (z,),Vte T(L).

Viue d°f(z,) va v € 9°g,(z,), Vte T, nén
u(x—z,)<f%z;x—-2z,) va v (x—2z,)<g/(z.;x—2z,), Vte T.
Keét hgp céc tinh chat trén, ta dugc
fo(zg;x—zg)+z7utg?(zg;x—zg)+\/EHX—ZSH20.

teT
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Hay L°(.,7»)(ZS;X—ZS)+\/E||X—ZS|| >0.

Vi L(,,A) 12 ham €-gia 15i tai Z., nén ta nhan duoc

L MX) +VE[x =z 2 L, M)(z,).

Hay

fF)+ Y Ag () +Vex—z[2fz)+ D Ag (z).

teT(L) teT(X)
Vi g, (x)<g(z,), Vte T(A), nén suy ra f(x)+x/EHx —z||21f(z,).
Viay, f(z,) <f(x) +JE||X ~z,[, Vxe C théaman g, (x)<g,(z,),Vte TA).

Vi A c C nén bat dang thtrc néu trén ciing ding véi moi X € A.
Do d6, z, 1a mot hau tya €-nghiém cua bai todn (P).

Nhin xét. Vi mt ham €-nira 16i ciing 12 mot ham €-gia 16i, nén hé qua sau day duoc
suy ra tryc tiép tur Pinh ly 3.3.

H¢ qua 3.1. Vi bai toan (P), cho €>0 va (z.,A)e A, xR'" 1a cap KKT suy rong
chinh xédc dén €. Gia st rang C la tap 16i trong X va f, g,,te T, 1a cdc ham chinh quy tai
z,. Néu ham L(.,A) 1a €-nira 15i tai z, thi

f(z,) < f(x)+JE||x ~z,|, Vxe C sao cho g,(x) < g,(z,),Vte T(A).

Dic biét, z, 1a mot hiu tya €-nghiém ciia bai todn (P).

Chi . Ngoai céch 4p dung Dinh 1y 3.3, dé suy ra Hé qua 3.1, ching t6i con phét biéu
va chirng minh tryc ti€p (két qua nay), trong bai bdo [7] (Theorem 3.3), nam 2012.

OPTIMALITY CONDITIONS FOR ALMOST €-QUASISOLUTIONS OF
A NONCONVEX OPTIMIZATION PROBLEM WITH AN INFINITE NUMBERS
OF CONSTRAINTS
Tran Van Thach
Thu Dau Mot University
ABSTRACT
Using a condition of generalized Karush-Kuhn-Tucker pair up to € and based on a
property of e-pseudoconvex applied for locally Lipschitz functions involved, we established

some sufficient optimality conditions for almost e-quasisolutions of a  nonconvex
optimization problem which has an infinite numbers of constraints.

TAI LIEU THAM KHAO
[1] Clarke F.H., Optimization and non smooth analysis, Willey-Interscience, New York (1983).

[2] Dinh N. and Son T.Q., Approximate optimality condition and duality for convex infinite
programming problems, J. Science and Technology Development, Vol. 10, pp. 29-38, 2007.

[3] Loridan P., Necessary conditions for €-optimality, Math. Program. Study, Vol. 19, pp. 140-
152, 1982.

[4] Strodiot J.J., Nguyen V.H., and Heukemes N., €-Optimal Solutions in Nondifferentiable Convex
Programming and Some Related Questions, Math. Programming, Vol. 25, pp. 307-328, 1983.

22



Tap chi Dai hoc Tha Dau Mét, s6 5 (24) — 2015

[5] Son T.Q., Dinh N., Characterizations of Optimal Solution Sets of Convex Infinite Programs,
TOP, 16, pp. 147-163, 2008.

[6] Son T.Q., Strodiot J.J., Nguyen V.H., €-Optimality and €-Lagrangian duality for a
nonconvex programming problem with an infinite number of constraints, J. Optim. Theory
Appl., Vol. 141, pp. 389-409, 2009.

[7] Thach T.V. and Son T.Q., Almost € -quasisolutions of nonconvex problem with an infinte
number of constraints, J. Science & Technology Development, Vol. 15, pp. 57-68, 2012.

23



