TAP CHI KHOA HOC BAI HOC VAN LANG Pinh Phan Cao Nguyén

SU DUNG PHUONG PHAP PHO PE GIAI PHUONG TRINH
BOLTZMANN CHO CAC CHAT KHi CO PQ NHOT
TRONG KHONG GIAN 3 CHIEU

THE SPECTRAL METHOD FOR THE BOLTZMANN EQUATION
FOR GASES WITH VISCOSITY IN DIMENSION 3

PINH PHAN CAO NGUYEN®

TOM TAT: Duoc su goi ¥ va huwéng dan bsi GS. Tran Minh Binh, chiing t6i dé xudt mot
phirong phdp gidi tich sé dau tién cho phwong trinh Boltzmann cho cdc chdt khi c6 ma sét
gitta cdc phdn tir trong khong gian 3 chiéu. Phan I6n cdc iing dung trong thiec té dwoc biéu
dién trong khéng gian nay. Cac chat khi ¢é ma sdt giita cdc phan tir khi va cham thi gid tri
ham mdt do cua chung sé giam dan vé 0. Toc dé giam nay ty lé thudn voi gia tri cua ma
sat. Két qua nay la twong tw cho trieong hop khéng gian 2 chiéu [37].

Tir khéa: phiong trinh Boltzmann; gidi tich so; phieong phdp phd,; ma sat phéan tir; ham

mat do.

ABSTRACT: Suggested and supervised by Professor Tran Minh Binh, we suggested the
first spectral method for the Boltzmann for gases with viscosity in dimension 3. Most of
reality application can be presented in this dimension. The gases having friction between
molecules will have density function value going down to 0. The decrease of speed have
direct ratio with the value of friction. The result will be the same for dimension 2 [37].

Key words: Boltzmann equation; numerical analysis spectral method; molecules friction;
density function.

1. DAT VAN BE o QU W) = foafse BV -
Phuong trinh Boltzmann md ta vl OIF @V = FOFW)]dvsdo,
(1.1)
Van téc cua va cham 1a céc cap (v,v,)
va (v, v)) c6 lién quan bai:

chuyén dong cua cic phan tr ciia mot
chat khi trong d6 su tuong tac cia céac
phan tir 1a va cham dan hoi nhi phan [1-

16, 37] c6 dang: S
vVi=-(v+v, + v —v|w),

o.f +v.Vef =Q(f. 1), x,velR3 2

Trong d6 f(t,x,v) la mot ham khong v, = %(v +v, — v —v.|w),
4m mo ta mat do caa chat khi c6 van téc v Trong do, o 1a vecto don vi cua qua
¢ vi tri x tai thoi gian 7 > 0. Q(f, f) duoc iy s2
goi 1a toan tir va cham, ta c6 thé biéu dién S? = {w € R? o = 1). (1.2)
Q nhu sau:
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Hat nhan B cua va cham 1a mot ham sb
khéng &m mé ta chi tiét cac tuong tac nhi
phan va phu thudc vao cac dac tinh vat ly
ctia chit khi. Hat nhan cé dang:

B(lv—1.],0) = b,(8)|v — v,|%,
a=(k—"5)/(k—1).

Cu thé, chiing t6i s& xem xét mo hinh qua
cau cung bién thién (VHS) [25], do 1a
b,(0) = C,, Vi C, la mdt hiang sb duong.
Truong hop a =0 duoc goi la khi
Maxwellian. Trong khi véi truong hop a = 1
a khi cau cing.

Phuong trinh Boltzmann ¢ vi tri quan
trong trong nhiéu ung dung, dic biét 1a
nganh Vat Iy hoc [17], [18], [27], [28],
[29], [31]. Co hai phuong phap nghién ctru

Véi

chinh dé tinh toan nghiém cho phwong trinh
Boltzmann 1a phuong phép k¥ thuat xac
suat Monte Carlo [19] va Nanbu [32] va
phuong phap sir dung cac ky thuat quang
phd trong khong gian van tic.

Phuong phép k¥ thuat xac suat Monte
Carlo 1a phuwong phéap 14y mau ngau nhién
c6 d6 chinh xac bac 1 va thudc 16p thuat
toan khong tat dinh.

Phuong phap st dung cac ky thuat
quang phd trong khong gian van téc dua
trén cac phuong phap quang phd trong co
hoc chat long [24] va viéc st dung cac cong
cu bién dbi Fourier trong phan tich phuong
trinh Boltzmann [21] dua trén phuong phap
Xap xi Fourier - Galerkin caa phuong trinh.
Téng quan vé phuong phap va do chinh xac
quang phdé da dugc cong bd trong [34],
[35]. Phuong phap nay lan dau tién dugc
phét trién cho cac phuong trinh dong hoc
trong [33], c6 do chinh xac pho [30] va [34]
va thudc 16p thuat toan tat dinh.
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Trong bai viét nay, chiing ta s& sir dung
phuong phédp phd dé giai phwong trinh
Boltzmann trong cac chit khi c6 do
nhot/ma sat trong khong gian 3 chibu.
Phuong trinh nay cé dang:

o f +v.V.f =Q(f,f) + ¢f, trong d6
¢ 1a hé s nhot.

Pay la két qua gidi tich s¢ dau tién cho
phirong trinh Boltzmann trong cdc chat khi
co do nhot/ma sat trong khoéng gian 3
chieu. Két qud cia phicong phdp nay la
twong tr trong khong gian 2 chiéu va
truong hop 2 da dwoc ching toi khao sat
trong [37].
2. NOI DUNG
2.1. Phép chiéu phé ciaa Phwong trinh
Boltzmann

Phuong trinh Boltzmann thuan nhat:

o.f + fL(f) = Q7 (f.f) (2.1)
véi diéu kién ban dau:
fr=0,%v) = fo(xv) (2.2)

Chung t6i da st dung thyc té 1a toan tir
va cham c6 thé dugc chia thanh cac phan

tang va giam: Q(f, f) = Q*(f, f) — fL(f)
Bang cach bién doi bién, ta viét lai [20, 37]:

Q*(f.f) =
foo J52 B0 0 f (v)dgdw, (23

L(f) = f[RS fSZ B(lglJQ)f(v -

g)dgdw, (2.4)
véi g =v —v,, do do:
v =v—=(g—lglw),
vi=v—3(g+lgle). (25)

Trong (2.1) di dinh nghia mién cua
ham mat do f la khéng gian van téc R3,
trong khi bién x chi hoat dong nhu mot
tham sb va no s& bj bo qua trong phan tiép
theo. Trong qua trinh van dong, vi cac dac
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tinh vat ly chinh chi phu thudc vao toan ti
va cham Q(f, f), giai phap trong (2.1) bao
tén khéi lwong, dong luong, ning luong va
thoa man dinh ly H cua Boltzmann.

Vé6i B(0, R) 1a qua cau tdm 0 ban kinh
R, sau d6, bang cach bao toan ning luong
va dong lugng, todn tir va cham thoa man
diéu kién sau day [20,37]:

Cho Supp(f(v)) € B(0,R)

i) Supp(f(v)) € B(0,V2R),

i) QUE V) = [0 Jiz BUV =
vl OIFO)f o) — fFV)f(v)ldv.dw,

v6iv', v, v — g € B(0,(2 + V2)R).

Do d6, dé viét mot xap xi quang pho
trong (2.1), chldng t6i xem xét ham mat do
f () trong vlng bi chin Dy = [T, T]3 véi
T > (2++2R), gia st f(v) =0 trong
D;\B(0,R) va m¢ rong no theo chu ky
thanh mét vong tuan hoan trong Dy
2.2. Thuat giai Phwong trinh Boltzmann
bing phwong phap phd

Gia tri xap xi cua ham fy duoc biéu
dién boi dudi dang chudi Fourier cit ngan

fv) = Tk fie™, (2.6)

fie =G [, fWe ™¥av.  (2.7)

Phuong trinh phd 1a phép chiéu cua
phuong trinh va cham trong PN, voi PV la
khong gian vecto (2N + 1)9 chiéu cua cac
da thic luong gidc co bac téi da N theo
tirng hudng, tic la:

N — PyQR (fu, fu),

at -

v6i Py biéu thi phép chiéu tryc giao
trén PN trong L?(D,). Vi vay, Véi k =
—N, ..., N, chang ta co6 [22], [23, [37]:
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S (22 e Cfi) =

Q* (f fi)) e v = 0. 28)
Bing cach thay thé biéu thuc (2.6)
trong (2.3) va (2.4) chung ta nhan dugc:
fNL(fN) =
LN D= flfmé(m' m)e' M7V vy
Q" (fn fn) =
1= —n Ztm=n fif B, m)e M,
v6i hat nhan B(I,m) cho boi cong
thac: B(I,m) =

. l+m .
fyc0m Jsz Blgl,0)e ™05 10
(2.9)
Str dung thudc tinh tryc giao, ching ta
nhén dugc tr (2.8):
% + 212]+m=k flfmg(m: m) =
ILm=-N

Y=k fifnB(,m), k= =N, ...,N ,(210)

ILm=—N

(m-1

2 dgdw

v6i diéu kién ban dau:
fie(0) = G5 Sy o™V dv. (2.11)
2.3. Thuit toan quang phé nhanh

Chung ta sé xem xét riéng cdc md hinh
va cham trong khong gian 3 chiéu, day la
mot truong hop quan trong cho cac ng
dung thuc té.

2.3.1. Tinh toan cac B(x,y)

Ching ti ky hiéu A =2/(3 ++2),
trong qua cau khong gian 3 chiéu hat nhan
khong phu thudc vao géc 6:B = C, | g%,
(2.10) c6 thé viét lai [20], [37]:

B(l,m) =

. l+m
Ca Jp022m)91%e"0 2 L(Ig],1 — m)dg,
(3.2)
Voi:

. I-m
Lgll—m) = [, eV % do.
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2.3.2. Khéng gian 3 chiéu
Cho q = |g|(l—m)/2. I, dugc tinh
lai nhu sau:

L(lgl,1—m) =f

§2

el®d

T
= an etlalcost gin g do
0

Str dung hé toa do cau, véi p = |g|, ta co:

R 2wA
B(l,m) = Ca8n2f p2+“Sinc<

0

= C,16m? foznlp““Sinc (—ll_;nlp) Sinc (—'H;n'p) dp.

Véi su bién doi cua bién sé p = 2Anr
toan tir B (1, m) c6 thé viét lai nhu sau:
B(l,m) = C,16m2(2Am)3+*
folr““Sinc(fr)Sinc(nr)dr, (3.4)
Trong do: §=|l+m|An,n =
|1 — m|Amr. Dé don gian ky hiéu chiing ti gia dinh:
C, = (16m?(2Am)3*t*)~1,
Toan tir c6 thé viét lai:
B(l,m) = K, (&,m),
voi:F,(¢,n) =
f01r2+“5inc(§r)5inc(nr)dr. (3.5)
Tir (3.5) chung ta dé dang chimg minh
duoc céc diéu sau:
Cho FE,(¢,n) duoc dinh nghia nhu
(3.5); do do:
i) Fp(§,m) = Fo(,$);

i) Néu a>-3 thi |E(&n)<
F,(0,00 =3+ a)™%;
i) Néu a>-1 thi |E(&n)<

[En(1+ )]

Doi véi cac gia tri nguyén cua «a, F, co
biéu thirc phan tich rd rang. Véi a = 0 va
a = 1 chdng ta co:
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=2r f_lle“q'“du = 4nSinc(|q|) =
, lglll-m|
4nSinc (T)’ (3.2
véi: Sinc(x) = Slzx.
Chop = (I + m)/2. (3.2) dugc tinh lai

nhu sau:
B(l,m)

_ a c: Il _m”gl —ip-
= C,4m |g|* Sinc | ———— ) e 'P9dg
B(0,2A7) 2

_ T
M) dpf e~tplpcost gin g (g
0

2

(3.3)
__ psin(q)—gsin(q)
Fo(§m) = ———— o (36)
Fl (E' 7]) =
p?(gsin(q)+cos(q))—q?(psin(p)+cos(p))—4&n
2¢npq 37

voip =(§+m),q=(—mn). ,

Luu y, vi tich phan nam lan (2.9) dé
xac dinh B(1,m) da duoc giam xubng tich
phan mét chiéu (3.5) véi cac gia tri khdng
nguyén cua a, gié tri cua cac toan tur c6 thé
dé dang tinh toan bang s6 maot cong thuc
phuong trinh chinh xac va dugc luu trix
trong mot mang dé bat dau.
3. KET QUA TINH TOAN VA KET LUAN
3.1. Két qua kiém tra sb

Véi T = gAt, At > 0 ta co:

fi(@At) = Eim=r, (BULmM) —

I m=—N

B(L,m))f,(qA0) fn (qAD).
Tinh xap xi:
fK (qAt) = fK((q+1)At)—fK(th).

At
Do d6:
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f((q + DAL) = fr(qAD) +
At lev+m=k, (E(l, m) -

ILm=—N

B(Lm)) fi(4At) fn (qA0). (4.1)
Dai voi cace chat khi co d6 nhét/ma sat ta ¢o:
fx((g + DAL) = fi(qAt) +

At lev+m=k, (E(l, m) -

L m=-N
B(, m})ﬁ(thzfm(th), — efx (qAt) (4.2)
3.2. Ket qua kiém tra so xét trong khéng
gian 3 chiéu

Chung t6i st dung N =5At=
0.5,v € [—-m, ], va

N=5,espilon=0.0,q=0

N=5,espilon=0.0,q=2

1 _I‘l7—20'81|2
FOr) =—2— (™ =+
2(2mo?)2
_v+20eq|?
e 202 ),

Vv6i d=3,0= A%,Dn € [-m, )3

Cho @ =0,C, =+/2/16m, thay vao (3.4)
taco
B(l,m)

= \/Zn(ZAn)3f r2Sinc(ér)Sinc(nr)dr
0

Cho céc gia tri lan luot cua € 14 0, 0.1
va 0.5, ching ta c6 cac két qua:

N=5,espilon=0.0,q=5

1.00

0.80
0.60
0.40
0.20
0.00

1.00

0.80
0.60
0.40
0.20
0.00

Hinh 1. Ham mat d6 f(v,t) voie = 0

N=5,espilon=0.2,g=0

1.00
0.80
0.60

0.40
0.20
0.00

N=5,espilon=0.2,q=2

N=5,espilon=0.2,q=5

100

0.80
0.60
0.40
0.20
0.00

Hinh 2. Him mat ds f(v,7) véi e = 0.2
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N=5,espilon=0.5,g=2

N=5,espilon=0.5,g=5

Hinh 3. Ham mat do £ (v, ) véi € = 0.5

Nhan xét: tai thoi diém ban dau g = 0
gia tri cua ham mat d6 f(v) 1a bang nhau
Vvéi ca 3 gia tri cua e va cd gia tri xap xi la
0.8. Tai cac thoi diém lan luwot g =
2,5,10,15 gia tri xap xi twong @ng cua
f(v) Vvsi e=01 lan luot I
0.33,0.15,0.06,0.00, va v&i € = 0.5 lan
lugt 14 0.12,0.00,0.0,0.0. RG rang, gia tri

ham mat d6 cua f(v) voi € = 0.5 la nho
hon va téc do giam vé 0 nhanh hon so véi
e=0.1.
3.3. Két luan

Véi két qua caa thi nghiém, ching toi
thdy rang, do nhét 1am ham mat do khi nho
hon, day 1a diéu chung t6i mong dgi. Ham
mat do khi sé giam khi gia tri d6 nhat € 1on.
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