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VAN PE DAY HQOC LOGARIT
TRONG CHUONG TRINH TOAN PHO THONG
VA NHUNG PIEU CAN BIET VE LOGARIT

NGUYEN VIET HIEU’

TOM TAT

Chuyén hoa su pham tao diéu kién cho nguoi hoc tié}) cdn nhanh va c6 hé th(fng cdc
tri thire da duoc nhan loai thira nhdn. Tuy nhién, qua trinh dé lam cho tri thirc khdng con
glong nhuwe nguon goc ban dau cia né, déi khi cé sw khdc biét kha 16m. Dlen hinh 1a tri thize
vé logarit trong chuong trinh Toan pho thong hién hanh. Véi mong muén Am lgi nghza va
vai tro cho déi twong logarit, bai viét gioi thiéu sur xudt hién ciia né trong lich sir va nhitng
vai trd cong cu qua CAC ing dung néi bat.

Tar khoa: logarit, nghia cua tri thire, lich st Toan.

ABSTRACT
The issue of teaching logarithm in high school mathematics syllabus
and what to know about logarithm

The pedagogical transfer has brought learners opportunities to approach quickly
and systematically the knowledge that has been acknowledged by all human beings.
However, that process has made the knowledge on longer the same as its origin; in fact,
there’re sometimes wide disparities. A very typical example is the knowledge about
logarithm, which has been presented in the current high school mathematics syllabus.
Aiming to retrieve the meanings as well as the roles of logarithm, the article will discuss
the appearance of logarithm in history and its main roles as a tool through outstanding
applications.

Keywords: logarithm, meanings of the knowledge, the history of maths.

1. Vai nét so lwgc vé lich sir xuét hién khai niém logarit

Logarit dugc John Napier' (1550 — 1617) gidi thiéu dau tién trong tac pham
“Mirifici Iogarithmorum canonis descriptio” vao nam 1614, sau 20 nam nghién ctu.
Dya trén y tuong “nhan hai s6 theo cong va tru" cia phuong phép (PP)
prosthaphaeresis? c¢é trude d6. Tuy nhién, PP prosthaphaeresis chira dung nhiéu bat loi
khi thure hién phép chia va khai can. Trong khi d6, su phat trién ctia khoa hoc thoi bay
gio doi hoi can phai tinh nhan, chia, khai can hiéu qua hon. Chinh diéu d6 d4 thoi thic
Napier sdng tao ra PP tinh nhan, chia, can béac hai, can bac ba dua trén logarit. Tuy
nhién dinh nghia khai niém logarit do Napier dua ra hoan toan khéac so véi ching ta
biét ngay nay.
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Hinh 1. Hai dwong thing song song, dogn SQ , doan SQ cho trudc va cac diém
do hai diém B, b vach ra

Theo [10], Edward Wright chi ra rang: Napier da twéng twong hai diém B va b
chuyén dong trén hai duong thang song song (Hinh 1), trong khi diém B chuyen dong
theo mot chiéu nhét dinh trén duong thang dai vo han vai toc d6 khong dbi, bat dau tir
A thi diém b chuyen dong tir a trén doan thing az voi toc do giam dan. O nhiing
khoang thoi gian bang nhau diém B vach ra cac diém C, D, E,... twong tmg véi thoi
diém 1,2, 3,..., trong khi d6 diém b vé ra cac diém ¢, d, e,... thoa @ZEZ%Z%

SQ az cz dz
v6i doan thiang SQ va diém R thudc doan SQ cho trudc. Napier d4 dinh nghia:

AC=logy4p(cz) V6i €z = Sind,

AD=l09,4p(dz) v6i dz = Sind,

AE=l004p(€2) Vi €2 = Sind;

Tuong tu cho cic diém khac ma B va b vach ra trén hai duong thang theo nhimg
khoang thoi gian bang nhau. Napier dé chon d dai az=10.000.000 va tao ra nhiing
bang tinh logarit can thiét cho cac tinh toan cia minh.

Nhu vay, khai niém logarit do Napier xay dung duong nhu khac biét so voi khai
niém logarit chung ta bict ngay n,ay3, do la sy lién h¢ gilra cac phan tir cua cap so cong
(CSC) va cac phan t cua cap so nhan (CSN). Logarit bién doi cac phan tir cua CSN
thanh phan tr cua CSC tuong tmg. Tuy nhién, khong cd mot dinh nghia logarit mot so
thuc duong bat ki cho trude, cling nhu khong 6 mot moi lién he gi véi lity thira mii s0
thuc trong dinh nghia ban dau nay. Thém nira, khong c6 mét dinh nghia twong minh
nao cho co so cua logarit. Vay, logarit do Napier xay dung dugc su dung de lam gi?
Tinh chat nao cua khai niém logarit d@ duoc thiét 1ap?

Nghién ctru [10] ching t6i thdy: Napier da chang minh mét s6 tinh chat quan
trong cua khai niém logarit do minh tao ra. Cu thé nhu sau:

. Néu a,b,c,d 1a bon sé ciia mét CSN théa %=§
thi log,,, a—log,,b=log, c—log,,d.

. Néu ab.c 1a ba sé hang lién tiép ciia mét CSN
thi 2log,,, b =1log,, a+log,c
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. Néu a,b,c,d 1abdn sé hang lién tiép ciia mét CSN
thi 3log,,, b =2log,,, a+log,,, d va3log,, c=2log,,d+log, a.

Theo [10] va [14], Napier da kiém chimg dugc tinh wu viét cua logarit thong qua
cac bai toan: tinh trung binh nhan cua hai so 10.000.000, 5.000.000 va tim s6 hang thir
hai, thir ba trong CSN goém 4 s0 hang khi biet so hang dau 14142135 va s6 hang cudi
5.000.000. Napier khang dinh rang: Tinh theo logarit d¢ dang hon céach tinh thong
thuong. Cu thé khi tinh /10.000.000x5.000.000, Napier dwa trén tinh chat d& ching
minh, ong |§y log,,10.000.000 +log,,, 5.000.000 = 0 + 6931470 = 6931470 va
6931470+ 2 =3465735. Napier tra bang logarit va tim duoc két qua 7071068, twong dbi
gan voi ket qua dung.

V&i bai todn thir hai, dé tién theo ddi ching tdi ki hiéu CSN véi 4 s hang sau
a;b; c; d trong d6 a=14142135, d=5000000. R& rang b’ =a’d ; ¢’ =d%a, do do ta co thé
tinh dugc b;c theo cong thirc b=3a>d ; c=§d’a. Nhung Napier tinh theo cach dya
trén phép cong, nhan hai va chia ba, ¢6 sy hd trog cia bing logarit,
0o 2l0g,,,, d +10g,,,a  2x 6931470 +(-3465735)

R 3 - 3

ong tinh dugc c~7071068. Tuong tu b~10", do d6 c6 CSN 14142135, 10000000,
7071068, 5000000.

Nhu véy, logarit do Napier tao ra nham muc dich dé don gian hoa cac phép tinh
nhan, chia, can bac hai, can béc ba theo cac phép tinh don gian hon nhu cdng, trur, chia
hai va chia ba. Du tinh toan da dugc cai thién nhung co s6 logarit chua thyc sy tién 1oi,

~ 3465735 va tra bang logarit

bang Ii thuyét toan hién dai nguoi ta chimg minh dugc Iognapx=107.log1 (%j Song voi

nhitng wu diém vuot troi, logarit da tao hing tha cho nhiéu nha toan hoc nhu Henry
Briggs (1561-1630), Nicolaus Mercator (1620-1687), Leonhard Euler (1707-1783),...
nghién ctru sau va rong hon vé logarit.

CUing V&i su phat trién ciia khoa hoc, Toén hoc d4 phét trién rat nhanh va logarit
ciing khong phai 12 ngoai 16. Vai tro cua logarit thuc su d4 “tién xa” hon vai trd caa n6
trong lich sir. Khdng nhing dwoc timg dung rong ri trong Toan hoc ma logarit con xuét
hién trong c&c cong thirc tinh & cac bd mon khoa hoc khac. Ching t6i xin diém qua vai
g dung cua logarit va cac vai trd cong cu duoc thé hién qua nhitng tmg dung do.

2. Vai trd cong cu caa logarit qua mdt sé wng dung
2.1. Logarit— cdng cu don gian hdéa cac phép tinh phac tap

Nhu ta biét, tir khi ra doi logarit dong vai trd 1a mot cong cu don gian hoa cac
phép tinh nhéan, chia va khai can thanh cac phép tinh don gian hon. Duéi tac dong cua
logarit cac biéu thirc cho dudi dang tich, thuong, lily thira dugc dua vé céc biéu thic
don gian. RO rang, st dung logarit co sé a (0O<a=1) tac dong vao biéu thuc
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x2.y2~/z (%, y,z >0) tabién ddi dugc né thanh 3log, x+2log, er%Ioga z, thay vi tinh
nhan, lily thura ta 6 thé tinh toan dua trén phép cong cac logarit. Theo tién trinh phat
trién cua Toan hoc, vai tro d6 cua logarit van tiép tuc dugc ké thira va cd phét trién. Vai
tro cong cu don gian hoa cac bieu thuc phuc tap cho dudi dang tich, thuong, liy thia
thé hién qua cac tng dung sau cua logarit:
a) Tinh céc gisi han vo dinh dang 17,0°, «°
b) Tinh dao ham céc ham sé c6 dang y=f (x)* va y=f(x).f% (x)..tf " (x)
¢) Chuyén ham mi, lity thira vé ham tuyén tinh hay bén tuyén tinh
d) Giai phuong trinh mi dang a'=p, a'™ =p
Chung t6i khao sat cu thé ting tng dung trén caa logarit qua cac muc sau:
2.1.1. Tinh cac gisi han vé dinh dang 17,0°, °
Trong giai tich doi khi ta can tinh cac gisi han vo dinh 17,0°,0°; d6 1a cac gidi
han c6 dang lim f (x)g(x) trong d6 a c6 thé hitu han hoic vé cing. Trong trudng hop 17

X—a

th lim f (x)=1 va limg(x)=oo, chang han lim (1+1j , tuong tu cho cac treong hop
X—a X—a X—>+00 X

0°,00°. Nghién ciru cac tai liéu tham khao, ching toi thiy c6 nhiéu ki thuat tim giéi han

cua cac dang vo dinh 17,0°,° nhung phd bién nhit va chung cho ca ba dang trén 1a ki

thuat str dung logarit. Sau day la hai vi du va loi giai twong (ng:

Vidy 1: Tim lim (sinx)*" (Gigi han vo dinh dang 0°) (Tham khao [13])

x—0"

Lai giai: Dat y=(sinx)™". L4y logarit népe hai vé co

. In(sinx
|ny=tanx.|n(smx)=gl
cot x
COS X
- , . In(sin x) L'Hospital . — ] . o B
Mat khac |im (sinx) = lim 31X = jim (-cosx.sinx)=0- Do d6 limIny=0.
0" COtX x>0" = x50° o0
sin®x
N _ _
Vay, lim (sinx)™ = lim y = lime" =¢® =1,
x—0" Xx—0" X0

Vidu 2: Tim gidi han: |im (sin X)‘a” (Gidi han vo dinh dang 17)
o

tan x

Loi giai: 5) Dt A=(sinx)™" =[1+(sinx—1)]

In A=tanx. In(1+(sin x—l)) = In(1+(3in X_l)) _ In (l+(sin X_l)) sinx—1

cot X sinx—1  cotx
. sinx=1 . sinx-1 ... sinx—-1
Va =sinX. . Do dd6 lim =0
cot x COS X -t cot x
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Cubi cung: limin A=0, ngha la: lim A= lim sin x)" =e’=1 ([8], tr.46)
2 2 2
Tir hai vi du trén ta thay: logarit tham gia vao ki thuat tim gigi han vo dinh dang
17,0° & gbc do tac dong vao biéu thirc f (x ) 'va bién n6 thanh g(x).In[ f(x)]. Tirdo

thay vi tinh gidi han tryc tiép, logarit chuyén ham sé y= f(x)g ™ vé dang don gian

. « . . In(1 .
hon g(x).In[f(x)] va ap dung cong thwc L’Hospital hoac Imgﬁzl deé tinh.
o a
Muc dich tinh toan dwgc thuc hién thdng qua su bién ddi cua logarit. DU ching toi

khong dua ra vi du va 1oi giai cu thé cho dang v6 dinh «® nhung ban doc c6 thé 4p

x—0"

dung ki thuat tuong tu dé tim gigi han. Ban doc ¢ thé thi tim lim ( j .
X

2.1.2. Tinh dao ham cac ham sé c6 dang y=f ( ) va y=f%(x).f%(x)..f"(x)

Trong giai tich, ta thuong gip cac bai toan tinh dao ham cta cac ham sb co dang
y=f (x)g(x), chang han nhu bai tap sau:
1
Bai 3. Tinh dao ham Ciia cdc hdm s6: y = x*
Loi giai duoc trinh bay bai tac gia Nguyén Dinh Tri:
1

Pé ¥ rang ham s& y = x* khdng thudc dang a* (vi x khong phai 1a hing sb), ciing

khong thuoc dang x* (vi 1 khong phai hing s6), do d6, mudn tinh y’ nhat thiét phai
X

A . 5 s Ao . r r 1
lay logarit cua hai vé va khido co Iny==.Inx.
X

Vz}1—=—i Inx+
x>

1
Y =—(1-Inx).

X

><||—\

E
X

1

Do do: y‘=x—y2( —Inx) = ix( —Inx) ([8], tr.61)

RO rang, ham sé y = f(x)°® cho trong bai tap trén c6 dic diémy=g(x) va
y=f(x) khdng Ia ham hang nén ham sé y = f(x)* khong phai 1a ham sé mi va

ciing khong 1a ham [ty thra, kéo theo ta khdng thé tinh dao ham bang cong thirc thong
thuong duoc. Viéc ldy dao ham duoc thuc hién bang cach lay logarit népe hai vé cua

phuong trinh y = f(x)%%, bién d6i vé dang Iny=g(x).In f(x) va lay dao ham theo
bién x hai vé. Du khdng truc tiép dua ra dao ham caaham sé y = f(x)*® nhung logarit
cho phép chuyén ham s6 vé dang don gian Iny = g(x).In f(x) va tao diéu kién thuan
loi cho viéc tinh dao ham.
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Khéng chi riéng nhitng ham sé c6 dang y = f(x)°®, ham sé cho bai cong
thacy = £ (x).f7 (x)...f " (x) (i ,Vi =1;n) ciing c6 thé duoc tinh dao ham thong
qua sy tac dong cua logarit. Duéi day 1a vi du minh ching diéu do:

3
Bai 3. Tinh dao ham ciia ham sé y = ; /i* X xz+l (8], tr54)
—X

Loi giai dwa trén huéng dan cia tai liéu [8]:

1
. R 1+ x33 1
Taco: vx= £l thi |y|=‘1_xs . Suyra |n|y|zg-[|n‘1+x3‘—ln‘l—x3u (2)
[ 2 2
Ly dao ham hai vé cua (2) co: yvzé[ixxf» +13_xxsj _ XZ'L:XG» s 1_1)(3}
c oo 22X 1+
Do do y :1—X6 3m, |X|¢l.

Ham sé cho trong bai toén trén khong cé dang y= fo(x). £ (x)...f ™ (x)
(a; €i ,Vvi=1n) nhung ta c6 thé chuyén dugc vé& y= f o (x).f% (x)...f ™ (x) nho céac
tinh chat cua lity thira mii s6 thyc. Logarit ¢4 tham gia nhu thé nao trong ki thuét tinh
dao ham ctia ham s6 y = f“ (x).f% (x)...f ™ (x)?

Tu vi du trén ta thdy: viéc ldy logarit tic dong vao hai vé cua
y=f(x).f(x)..f* (x) khong phai duoc thyc hign mot cch tly ¥, ma bién doi
dugc tién hanh trén nhitng gia tri x ma ham sé c6 dao ham va f, (x)>0

hoeic‘ f (x)‘> 0, Vi=Ln. O vi du trén, tai nhitng gia tri x=+1 ham sé ludn co dao

[N

~ ek . R ., 1+ X3
>0 nén viéc lay logarit népe hai vé cua |y|= 0
—X

thyc hién dugc. Theo d6, mot cach tong quét logarit tac dong vao hai vé cua
y[=|f, OO f2 (0|, (%)
bién ddi no thanh In|y|=a,In|f (X)[+a,.In|f, (X)|+..+ e, In|f, (x)|, va viéc tinh dao
ham cua ham sé ban dau da dwoc chuyén vé tinh tong dao ham cua cac ham sé don
gian hon. Nhu vay, logarit tham gia vao ki thuat tinh dao ham cua cac ham s6 dang
y=f(x).f(x)..f“ (x) nhu 1a cong cu bién d6i ham sb cho duéi dang tich vé ham
s6 don gian hon. Théng qua bién ddi dé cho phép ta thuc hién duoc muyc dich tinh toén.
2.1.3. Chuyén cac ham ma, liy thira vé cac ham tuyén tinh va ban tuyén tinh

Theo [5], kinh & luong 1a mon toan kinh té vé do luong, dinh lugng cac méi quan
hé kinh té va du bao kha nang phét trién. Viéc thiét 1ap cac mo hinh todn hoc, hay don

1+x3

. hoan toan c6 thé
1-x

ham va

@

@n
)
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gian la xy dung cac ham toén hoc dién ta cAc moi quan h¢ kinh té anh huéng rat I6n
dén udce luong va du b&o. Trong thup te de dien ta toc do tang truong dan so, luong
cung tien, viéc lam,... cac nha kinh t€ hoc dé su dung mo hinh hoi quy mii va Ity thura,
chang han nhu ham san xuat Cobb-Douglas va cong thuc lai gc}p“,.
€0 nhicu phuong phap udc luong nhung thuong ding nhat 1a binh phuong nho
nhat — con goi la phuong phap OLS (Ordinary Least Square) do nha toan hoc buc, Carl
Friedrich Gauss dé xuat. Mo hinh hoi quy mi, lily thira ciing dwgc ude luong theo
phuong phdp nay. Vay cac nha toan hoc, cac nha kinh t€ hoc da sir dung cdng cu gi va
su dung nhu the nao dé bien doi cac mo hinh hoi quy ma, Iily thura ve mo hinh hoi quy
tuyén tinh?
Chung t6i tim thay cau tra 10i trong phén trinh bay ¢ trang 64 va trang 99, tai liéu
[5] nhu sau:
e Trong Ii thuyét tién t&, tai chinh va ngan hang, ching ta d4 biét cong thic tinh
|4i suit gop: Y, =Y, (1+r) (3.20), véi r 1a toe do tang truong (theo thai gian) cua Y.
L4y I6garit tu nhién cua (3.20) ta dugc: InY, =InY, +t.In(1+r) (3.21).
Néu dat B=InY,; g=In(l+r)ta c6 thé viét (3.21) dudi dang:

Y, =B +4,t (322)
Néu thém yéu to ngau nhién vao (3.22), ta co: InY, =g +p,1+U, (3.23)  ([5],
tr.64)

e Tu phuong trinh (4. 42) ré rang quan h¢ gitra Y vé&i X, va X; khong phai la
tuyén tinh. Tuy nhién, néu liy Logarit hai vé ta duoc:

InY, = InB,+B,In X, + .. In Xy +U; = B+, In X, +B;.In X, +U,  (4.43)
Trong d6 3, =In B, (4.43) 1a md hinh hoi quy tuyén tinh logarit  ([5], tr.99)

Tur trinh bay trén ta thay: bién d6i cac ham héi quy mil Y, =Y,(1+r), liy thira
—B.XE XD " vé cac dang InY, =4+Bt va InY = B+BInX, +4.InX; +U dugc thuc hién
nho tac dong cua logarit népe vao hai vé cia phuong trinh. DU cac md hinh hdi quy
(3.23) va (4.43) chua phai 1a md hinh hoi quy tuyén tinh, nhung véi phép dat Y, =InY,
& (3.23) vadat Y, =InY,; X, =In X, ;X5 =In X, & (4.43) cho phép ta chuyén ching
vé dang tuyén tinh. Viéc chuyén nhu vy tao diéu kién cho viéc uéc lugng cac mo hinh
trén co thé dugc thuc hién theo phuong phap OLS.

Tir d6 cho théy, logarit la mét cong cu tt dé chuyén cac ham hdi quy phtrc tap
cho duoi dang m, Iy thira vé cac ham don gian hon, ham tuyén tinh hay ban tuyén
tinh. Thong qua bién d6i d6 viéc uéc luong dé thuc hién hon thay vi udc luong truc
tiép trén cac ham hdi quy mii, liy thira.

2.1.4. Giai phuong trinh mii dang a'™ =b, a'® =p*™ (0<a=1,b>0)
T thuc té cudc séng, co nhiéu su kién dan dén viéc giai phuong trinh (PT) dang
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a'™ =b (0<a=1b>0), chang han:
- Tinh s nam gai tién N tir cdng thuc 18i kép C = A.(1+r)" biét s6 tién goi ban dau
A, 13i suat r% mdi nam, téng sb tién bao gdm ca lai 1an vén sau N nam.
- Tinh thoi gian phan rad t caa cic chat phong xa tir cong thic m=me™ biét
m la khoi luong ban dau, khoi luong con lai sau thoi gian t cua chat phong xa.
Ta c6 thé giai PT mi a'™ =b, a'® =b®* bang ki thuat dwa vé cling co sd boi
bién d6i “b thanh 2" va dan dén két qua f(x)=log,b hodc f(x)=g(x)log,b .

Tuy nhién, ta c6 thé giai PT bang ki thuét sir dung logarit. Dudi day la hai vi du dién
hinh va loi giai tuong tting cho hai dang PT mii da néu:

Vi dy 8: Giai PT e** =10. Bai 2.98: Giai PT 5 =7°([3],
Loi giai dugc d& nghi boi tac gia | tr.86)
James Stewart: Loi giai: Lay logarit co sb 5 hai vé

LAy logarit hai vé cua phuong trinh | rdi chia ca hai vé cho 5%, ta dugc:
va sir dung (9)°:

7 X
In( o5 3x) In10 (gj =log, 7 < x= Iog% log, 7
5-3x=1In10 ([3], tr.118)
1
x==(5-In10
~(5-In10)

([12], tr.66)

Tir hai vi du ta tdng quat dugc: logarit co sb a tac dong cua hai vé PT a'™ =b,
a'® =p% va bién doi n6 thanh f (x ):Iogab va f( ):g(x)logab. Nho sy tc dong
d6, thay Vi giai truc tiép cac PT a'® =b, a'® =b"" ta giai cic PT f(x)=log,b,
f (x)=g(x)log, b bang cac ki thust gidi PT dai s6 thong thuong. Du chua dua ra nghigm
cu thé cho PT ban dau, nhung logarit dugc xem nhu mdt phﬁn khong thé thiéu trong ki
thuat giai PT a'™=p, a'l ). Qua ki thuat giai PT a'™ =b, a'® =p*™, logarit

ndi bat véi tng dung giai hal |Oa| PT d6 nhung quan trong hon 1a vai tro cong cu cho phép
chuyén viéc tim nghiém caa PT ¢ dang mii vé tim nghiém cia PT don gian hon.

Nhdn xét: i

Trong Toan hoc, logarit dugc uwng dung dé tinh gigi han cac dang vé dinh
17,0°,5°; chuyén cac ham mi, lity thira vé& cac ham tuyén tinh, ban tuyén tinh; tinh dao
ham céc ham sé co dang y="f(x)"”, y=f%(x).f%(x)..t*(x) va giai PT mii dang

=b, a'® =p . Thong qua nhirng ung dung do, logarit thuc su ndi bat vai vai trd
cong cu cho phep chuyén viéc nghién ctu céac biéu thirc phirc tap ¢6 dang tich, thuong,
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ltiy thira vé cac biéu thuc don gian hon nho mbi quan hé gitra phép nhan va phép cong.
Théng qua su tac dong caa logarit, cac biéu thirc phic tap duoc chuyén vé dang don gian
hon va myc dich tinh toan duoc thuc hién tren nhitng bleu thire don gian do.
2.2. Logarit - céng cu tinh sé cac chir so ciia mgt sé nguyén dwong

Trong tinh toan, d6i khi ta can phai xac dinh mot s0 nguyén duong c6 bao nhiéu
chir s6. C6 nhiéu cach tinh s6 céc chir s6, ¢6 thé tinh bang cach dém tung chir sé mét.
Chang han véi s6 1357902468, bang cach dém ta xac dinh dugc n6 ¢6 10 chir sb. Tuy
nhién, ta khdng thé xac dinh bang cach dém c6 bao nhiéu chir sé caa 22 khi viét
trong hé thap phan. Nhung logarit cho phép lam dugc diéu do.

Gia str x la mot s6 nguyén duong cho trudc can xac dinh sd cac chit sb. Theo
tinh chét cua sb tu nhién, ta tim duge mot sb ty nhién n sao cho 10" < x <10™* (1). Lay
logarit co s6 10 hai vé cta (1) ta dugc n < logx<n+1. Diéu ndy chimg to n=[logx].
Do d6, s6 chit s cua sb nguyén duong x 13 [log x]+1.

T lap luan trén ta dé@ dang tinh dwoc sb chit s cua s 2°%° Ia
[I0922°13]+1=606. Tuong tw, s6 nguyén té Mersenne’ Miypm =2 1 ¢0

[Iog(Z1398269 —1)]+1= 420921 chir s6. Nhu vdy, logarit dugc xem nhu 13 mot cong cu
t6t dé tinh s6 cac chit s6 ciia mot sb nguyén dwong bat ki.
2.3. Til¢ logarit

Trong tinh toan, nhiéu khi ta can phai chuyén pham vi ciia mot dai luong dé tign
so sanh, doi chieu va phan tich. C6 theé phdng to kich thusc cua mot hinh [6n gap m lan
hoac thu nho n lan dé xem xét. Véi day so liéu 0,01; 0,1; 10; 100; 1000; 10.000;

100.000; 1.000.000.000 néu thyc hién giam vai ti 1€ % thi ta c6 day s6 nho hon 10 1an

nhu sau: O 001; 0,01; 1; 10, 100; 1000; 10.000; 100. OOO 000. Xet cho Cung ta van co
mot day s6 phic tap. Néu Iy logarit thap phan cac s6 tir ddy sb liéu ban dau do ta co
day s6 sau: -2; -1: 1, 2, 3, 4, 5, 9. R6 rang day s ban dau da duoc chuyén vé day s6 dé
theo ddi va d& kiém soat hon.

Thuc té cho thay, logarit thuc su c6 thé chuyén cac dai luong c6 pham vi rong
hodc qua nho vé pham vi ¢6 thé kiém soat duoc. Piéu nay dugc minh hoa bai thang do
pH, thang d Richter va thang do decibel - sy thé hién cu the hda cua ti 1¢ logarit.
Chung t6i s& phan tich cu thé ti Ié logarit qua thang do pH.

Theo tai li¢u [7], “Trong NuroC nguyen Chat ciing nhu trong bat ki dung dich nao
luén lubn c6 mgt cac ion H" va OH™ nong dé cua cac ion® H va OH  biéu dién
dwoc tinh axit va bazo cua dung d;'ch”. Tuy nhién, n6ng do ion H* cua dung dich
thuong thay d6i trong pham vi rit nho, kho kiém soat tr 10™mol/l cho dén

0°mol /1. Va theo [7]: “M@i truong ciia dung dich cé thé biéu dién bang dai leong
thugn loi hon: dgi heong chi s6 hydro pH:  pH =-logC_. ™ ([7], tr.119). Vay, chi s
hydro pH thuan loi hon ndng do ion H* thé hién ¢ chd nao?
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Qua phan tich, ching tdi nhan thay mét sé diém thuan loi sau:

+ Thtr nhat, theo cdng thirc tinh pH thi pH 12 gié tri cia ham s6 y=—log x, vdi x
dai dién cho nong d6 ion H* va gi4 tri ciia x thudc doan [10‘14;100] . Ma ta biét: ham
s0 y=-logx la ham nghich bién trén khoang (0;+w) nén mdi gia trj x thudc doan
[10'14;100] c6 duy nhat mét gia tri pH tuong tng thudc doan [0;14] va nguoc lai. Tl
d6 cho thay pham vi hep [10‘14;100] cua nong do ion H d4 dugc dua vé pham vi dé
theo doi hon [0;14].

+ Thu hai, dwa vao chi s6 pH ta ciing c6 thé xac dinh duoc tinh axit hay bazo cia
dung dich. Thay vi so sénh ndng do ion H" 10"mol /1 ta so séanh chi sb pH voi 7
(—Iog(lO”): 7). Theo d6, néu dung dich c6 pH = 7 thi ¢6 méi truong trung tinh, dung
dich ¢6 pH > 7 thi c6 mdi truong bazo va dung dich c6 pH<7 thi c6 m6i truong axit.

+ Thr ba, tir chi sb pH hoan toan cé thé tinh lai dugc n6ng do ion H* cta dung
dich theo cong thirc C,,, =107"".

Nhu vay, khdng chi dugc tinh toan trong Toan hoc, logarit ch dugc ung dung dé
xdc dinh chi s0 pH cua dung dich. Tir tng dung tinh pH d¢ ta thay logarit noi bat voi
vai tro cong cu cho phép chuyén dai luong c6 pham vi nho vé pham vi ¢6 thé kiém soat
duoc.

Trong khi néqg do ion H" dai dién cho dai luvgng c6 pham vi nho, hep thi cuong
do céac tran dong dat, cuong do cua am thanh 1a nhiing truong hop dién h‘[nh cho dai
lugng c6 pham vi tuong doi rong. Chang han, 6 manh cua cac tran dong dat dao dong
trong khoang I, cho dén 800,000,000l véi Iy 1a bién d6 dao dong bé hon 1um trén may
do dia chin duoc do bang dia chan ké dat xa cach tdm chan 100km.

Logarit dugc tng dung dé xac dinh do chéan dong cua tran dong dét va do to nho
cua am thanh theo céc cong thuc:

e Do chin dong cua cac tran dong dat: M = IogIL(dO’n vi do Richter), trong do |, 1a
0
bién d9 dao dong chuan, 1 1a bién do dao dong dugc do bing dia chan ké dat xa cch
tam chan 100km.

e Cuong do am thanh: Lzlologll—(don vi decibel), trong d6 | la nang luong
0
truyén di boi séng &m trong mot don vi thoi gian va qua mot don vi dién tich bé mat
vudng goc véi phuong truyén (don vi do 1a W/m?); 1, la cuong d6 cua &m & ngudng
nghe (1, =10"W /m?).

Logarit khong chi don thuan dugc (g dung dé tinh do pH, do d¢ chan dong cia
cac tran dong dat, do do to nho cua &m thanh, ma qua cac @ng dung do logarit noi bat
Véi vai tro cong cu chuyén cac dai lwong c6 pham vi qué hep hoac qué rong vé pham vi

64



Tap chi KHOA HOC BHSP TPHCM Nguyén Viét Hiéu

dé kiém soat hon.
3.  Logarit trong chwong trinh toan phé thong

Chuwong trinh (CT) toan pho thong hién hanh dat ra yéu cau can dat dbi véi ki
ning giai toan lién quan dén logarit 1: “biét vdn dung dinh nghia, cdc tinh chat ciia
logarit vao tinh todn cac biéu thire chira logarit va gidi dwoc mét s6 phwong trinh, bdt
phirong trinh mii don gidn bang phwang phap logarlt hoa” ([1], tr.182-183). Pinh
nghia va cac tinh chat cta logarit chi yéu dugc yéu cau dé tinh cac biéu thirc chira
logarit va giai mot sé PT, bat phuong trinh (BPT) mii.

Theo trinh bay cua sach gido khoa (SGK) Giai tich 12 & CT chuan va nang cao:
Logarit co s6 a cia b (0<a#1 b>0) dugc dinh nghia Ia s6 thuc o thoa a* =b.
Logarit co sd a ciia b con duoc biét dén 1a nghiém cua PT a*=b (voi 0<a#Lb>0).
Céc tinh chat cua logarit chu yéu dugc van dung dé tinh gia tri hay don gian cac biéu
thirc chira logarit, chang han “Tinh 36"%° +10''°2 —8"%3"* ([6], tr.92) hay “Pon gidin

biéu thirc Iogﬂ+%log 36 +§Iogg"([6], tr.93). Logarit thuc sy ndi bat voi tmg dung

giai cac PT miidang a* =b, a'™ =b*" hay a'* %™ =¢ va cac BPT mi.

Vé cac ung dung khac cua logarit, SGK Giai tich 12 CT chuan hién hanh khong
dwa thém mét (mg dung nao khac, trong khi d6 SGK Giai tich 12 néng cao (GT12NC)
c¢6 dua vao umg dung tinh s cac chir sb cua mot s6 nguyén duong trong phan bai hoc
va bai tap Ngoai ra, GT12NC bo sung mét sb bai doc thém nhu “\Vé lich sik phat minh
logarit va bdng logarit”, “Logarit trong mét sé cong thire do lwong”. Thong qua céc
bai doc do, GT12NC cung Cép thém dugc tmg dung “do do pH cua dung dich, do do
chan dong cua céc tran dong dét, do d¢ to nhd ctia am thanh” cua logarit, vai nét co ban
vé lich st xuat hién logarit, c6 d& cap“Thuc té, logarit ciia Népe da lam cude cdich
Mang trong thién vin va trong nhiéu linh vie todn bang cdch thay thé viéc thuc hién
“phép tinh nhdn, chia, tinh cin bdc hai, can bdc ba ciia nhitng s6 I6n ma bén canh viéc
tidu phi thoi gian mét cach té nhat, nguwoi ta cOn bj nham lan” bang thwce hién cac phép
tinh cong, trir, don gian nhing sé tiwong iimng. Phat minh ciia Népe 1a mét phwong thirc
tiét kiém thoi gian” ([6], tr.91). Tuy nhién, khéng c6 mot nhan xét hay tinh hudng dé
nhan manh vai trd “cong cu cho phép don gian hoa cac biéu thuc phirc tap cho dudi
dang tich, thuong, luy thira vé cac dang don gian hon” cta logarit va nhiing phén tich
dé chi ra vai trod * Cong cu chuyén céc dai luong c6 pham vi qué rong hodc qué hep vé
pham vi ¢ thé kiém soat duoc”.

Trong khi d6, gido vién (GV) giang day trén 16p chi bam st CT, SGK. Néu c6 mé
rong, nang cao thi GV chii yéu tap trung vao cac bai toan giai PT mii, hé PT mii trong cac
dé thi dai hoc, chang han “Gidi PT log,(8—x?)+log, (V1+X++1-x)—2=0""°. Con hoc sinh

2
(HS) chu yéu hoc qua bai giang ciia GV va tham khao noi dung bai trong SGK.

Do vy, co thé néi rang HS hoc xong CT phd théng bi,é't dén logarit voi cac ting
dung giai PT, BPT mi; tinh d¢ pH cta dung dich, do d6 chan dong cta cac tran dong
dat, do d to nho ctia am thanh va cong cu tinh s6 chir s6 cuia mot s6 nguyén duong cho
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truge. Trong khi do, vai tro “cong cu cho phép don gian héa cac biéu thirc phire tap cho
dudi dang tich, thwong, lity thira vé cac dang don gian hon” va vai tro * ang cu chuyén
cac dai luong c6 pham vi qua rong hodc qua hep vé pham vi ¢6 thé kiém soat duoc”
cua logarit khong duogc biét dén.

Pang 18 ra, chung ta c6 thé 1am bat dugc hai vai trd Ay cia logarit qua nhiing tinh
huong, nhitng pl}én tich tr tng dung “do d¢ pH cua dung dich, do d§ chan d@ng cua
cac tran dong dat, do do to nho ctiia am thanh” va tinh dao ham cua cac ham so cho
duéi dang y=1f“(x).f(x)..f*(x) va y=f(x)*®. Cho nén, SGK nhat thiét phai dua
ra nhiing tinh hubng, phan tich va !(ét luan Vc:% nhiing vai tr0 iy cia logarit dé HS c6 thé
biét van dung trong thuc tién khi can dung dén.

4.  Kétluan

Logarit ra doi XUAt phat tir nhu cau cua lich str, nham muc dich don gian hoa céc
phép tinh phtrc tap nhu nhan, chia, khai can thanh cac phép cong, trir, chia hai va chia
ba. Thay vi tinh theo cach thong thuong logarit cho phép thuc hién nhan, chia, khai can
theo céch don gian hon ma van dam bao két qua chinh xac twong d6i. Theo tién trinh
phét trién cua lich st Toan hoc, Ii thuyét vé logarit ngay cang hoan thién. Khéng chi
don thuan 12 ¢6ng cu hd tro tinh nhén, chia, cin bac hai, cin béc ba, logarit con duoc
biét dén voi tng ‘dung giai PT, BPT mu; tinh pH cua dung dich; do do chén dong cua
c4c tran dong dat; do d6 16n cia 4m thanh; tinh s6 cac chir s6 ciia mot s6 nguyén

duong, tinh g|01 han vd dinh dang 17, 0°,00°; tinh dao ham ctia cac ham sb ¢co dang
= f(x)9%, y= f”‘l( ).£7(x)...f " (x);... Qua cac umg dung do, logarit ndi bat voi
vai tro céng cu t1nh s6 cac chit s6 cia mot s6 nguyén duong cho trude, cong cu chuyen
cac dai lugng c6 pham vi qué rong hodc qué hep vé pham vi co thé kiém soat dwoc va
cong cu cho phép don gian héa cac biéu thirc phire tap c6 dang tich, thuong, liiy thira
vé cac dang don gian hon. Tuy nhién, chuong trinh todn phd thong hién hanh dua
Iogarit Vélo thue sy chi 1am noi bat duge tmg dung giai BPT va PT mii dang a* =b hay
b, C4c vai tro cong cu cua logarit chua duge quan tam mot cach thdéa dang.
Chung toi nhan thdy can thiét phai bd sung vao séch gido khoa cac bai tap, hoat dong
va tinh hudng cho phép 1am bat cac vai tr0 trén cua logarit, dic biét 1a vai tro cong cu
cho phép nghién ctru cac biéu thirc phire tap théng qua cac biéu thirc don gian hon bang
cach dya vao quan h¢ gitra phép nhan va phép cong.

! John Napier la mot nha toan hoc, vt If, chiém tinh va thién van hoc ngudi Scotland. Ong 14 dia chii thir tam
cua vung Merchiston.
2 Prothaphaeresis duoc ghép tur hai tir prosthesis (cong) va aphaeresis (trir), thay vi nhan theo cich théng

. . R ; cos(a+b)+cos(a—b)
thuong, PP prosthaphaeresis dya theo cong thirc cosa.cosb = .

2
® Ching ti &m chi khai niém logarit dugc dinh nghia nhu sau:
“Cho a lasé duong khac 1 va b 1a mot s6 duong. S6 thuec o thoa a“ = b duge goi 1a logarit co sé a Cua

(04
b va ki higu 1a logy b, tec 12 @ =logy b < a™ =b~ ([6], tr.83)
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* Ham san xuét Cobb — Douglas & dang ngau nhién Y, = ﬁl.ng _x§3 &1, trong d6 Y — san luong; X, - luong
lao dong; X — luong vén; U;—sai sé ngau nhién.

Cong thuc I suat gop trong I7 thuyét tién t¢, tai chinh va ngan hang: v, = v, (1+ |r)t , trong d6 r 1 téc do tang
truong gop (theo thoi gian) cua Y.

® Ham san xuat Cobb — Douglas & dang ngau nhién y; - ﬁl.ng .x§3 o

® C4c cong thirc (9) dugc dé cap trong Calculus — Concepts and Contexts — 4™ Edition 1a:

In(ex) =X, Xej ;elnx =x,Xx>0.

7 36 nguyén t6 Mersenne 12 56 nguyén té co dang M p =2 P _1 trong d6 p 1a mot s6 nguyén té, do nha ton

hoc Phap M.Mersenne (1588 —1648) dé xuat.
S6 nguyén t6 Mersenne M3; do Euler phat hién nam 1750. Nha toén hoc Phap E.Lucas (1842 — 1891) phat
hlél’l M127 phét hlél’l nam 1876. M1398269 duoc phét hlél’l nam 1996.

® Néng ¢ ion H" thuomg duoc ki higu [ H' |reyc, . va néng do ion oH ™ duge ki hi¢u [oH™ |rycy,,-.

*Trich d& thi tuyén sinh dai hoc mén toan khéi D ndm 2011.
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