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TOM TAT

Cho trudc mot d6 thi don vo hudng véi n dinh, ta ki hiéu o, 12 tong bac bé nhat ciia cic cip
dinh khong k€ nhau trong .

Trong [1], céc tic gia da khao sit d0 thi ndinh thoa man diéu kién d(x) +d(y) =n— 1
cho moi cdp dinh khong ké nhau xva yva chiing minh rang do thi cé chu trinh Hamilton (chu
trinh di qua tit ca cdc dinh cua dd thi) khi va chi khi n1é vd 2 < & < —— & d6 & 1a chi s6 on
dinh trong (s6 16n nhét cdc dinh d6i mot khong ké nhau). Trong bai bdo nay chiing t6i khao sat
cdc 16p do thi rong hon 1a cac 16p d6 thi thoa man g, = n — 1. Ching t6i chung minh rang khi
do6 thi théa mén @, = n — 1 thi né c6 chu trinh Hamilton trir m&t s0 16p do thi dac biét c6 thé
nhan biét trong thoi gian da thuec.

Twr khoa: chu trinh Hamilton, NPC, tough, &, (7).

1. MO PAU

Trong bai bdo nay ching ta st dung khai niém va ki hiéu vé d thi nhu trong [2], riéng dd
thi day du v6i n dinh thi ki hi¢u 1a K,,. Ta chi khao sat cic do thi don vd hudng. Do thi duoc goi
14 do thi Hamilton néu n6 céchu trinh Hamilton(chu trinh chira tat ca cdc dinh cua d6 thi). Cho
trude do thi & = (V, E), trong d6 1" 1a tdp dinh va E la tap canh, ta ludn ki hién n 1a so dinh cta
r, voi x £ V{G)ki hiéu dix) 1a bac cta dinh x (s0 dinh ké véi x trong &), va vai « ta ki hiéu la
chi s6 0n dinh trong cta & (la sO 16n nhat cac dinh d6i mot khong k& nhau). Ta dinh nghia:

= {fm infd(x) + d(v)|x,y eV{G)vaxy e E(G)], khi o =2
Oz :CF)I = 1.1
oo, khio=1

Doi khi ta c6 thé viét o, thay cho o, (&) néu khong xay ra nham 1an.

V6i hai d thi roi nhau G,va G, ta ki hiéu G, = G,la do thi c6 tap dinh 1a V(G ) U V(G4 va
tap canh 1a E(G,)UE(G) U {xy|x€V(G), yeV(G,)} Chang han: K,«Ks=K;,
K, « Ky, =Ky, n, (G 12d0 thi bit cua G, tic 1a VIG) = V(6) va xy € E(G) = xy € E(G).
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Luu ¥ 12 phép két nbi * khong c6 tinh chat két hop. Ching han, véi sé nguyén m = 1 thi
Ky % Ky # K+ K412 d0 thi dugc biéu dién trong hinh 1.

K., K,,
Hinh 1. Db thi K, = Ky, = Ky = K.

D6 thi G = (V, E) dugc goi 1a fough hay I-tough néu nhu v6i moi tap dinh con § = @ ciia
 ta ¢6 s0 thanh phan lién thong «w({& — 5) cua d6 thi ¢ — 5(1a do thj thu duoc tir & khi bo tap
dinh 5 cling cdac canh c6 mét dinh trong 5) khong vuot qua so phan tir ctia 5. Hién nhién diéu
kién tough [3] 121 mot diéu kién can cho su ton tai chu trinh Halpilton trong &. Ngoai ra mot gié
thi zough thi hi€n nhién 1a 2-lién thong. Bai todn xédc dinh mét do thi cho trudce ¢ thoa man di€u
kién tough hay khong dugc phat biéu nhu sau:

NOT-1-TOUGH
Instance: G = (V,E) 1a d6 thi vo huéng
Question: Ton tai hay khong tap con § ctia I/ ma (G — §) = |§]?

Bai toan nay da dugc chung minh trong [4] cling nhu bai todan HC (chu trinh Hamilton)

dudi day da dugc chirng minh trong [5, 6] 1a cac bai toan NPC.
HC (HAMILTONIAN CYCLE)
Instance: G 1a @6 thi v hudng
Question: Ton tai chu trinh Hamilton trong &?

Trong [7] do phl?:c tap cta bai toan HC2 (bai todn HC trong 16p dd thi théa mans, = n)

dugc danh gia theo bién t.
HC2
Instance: Cho trudc s thuc ¢ va do thi G thoa man g, = tn.
Question: : ¢6 chu trinh Hamilton hay khong ?

Mot sb tac gia [8, 9]... khao sat chu trinh dai nhét (c6 thé khong phai Hamilton) trong do
thi. Gan day, mot sd téc gia [10 - 12]... da khao sét bai toan chu trinh Hamilton trong céc 16p do
thi dac bi¢t. Trong [13] da co nghién ctru vé céu triic ctia d6 thi va chu trinh dai nhat cua né.

Trong [1], cdc tic gia dd khao sit d6 thi n dinh thoa man diéu kién dix) + d| (y) =n—1cho
moi cap dinh khong ké nhau x va v va chung minh rang d6 thi ¢ chu trinh Hamilton (chu trinh

n+l s .
di qua tat ca céc dinh cta dd thi) khi va chi khi n 1é va 2 < @ = —, 0 d6 « 1a chi s0 on dinh

trong (s 16n nhag céc dinh d6i mot khong ké nhau). Sau day chuné ta khao sét 16p d thi téng
quat hon 1& cac do thi ndinh théa man o5 = n — 1 va chiing minh bai toan HC trong 16p cic do
thi nay thudc 16p P cling nhu xay dung thuit toan xac dinh chu trinh Hamilton trong ching.
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2. KET QUA
Trong [14], Ore da chiing minh:

Pinh li 2.1. Néu o, = n = 3 thi G la d6 thi Hamilton.

Tir dinh 1f 2.1 ta hién nhién c6:
Pinh li 2.2. HC2({t = 1) la bai todn thugc lop P.
Tuy nhién, voi t< 1 thi d§ phiic tap cta bai toan HC?2 lai khac hén [7]:
Pinh li 2.3. HC2 (t = 1) la bai todn NPC.
Trong 16p dd thi tough, Jung [3] mo rong két qua ctia Ore nhu sau:

Pinh li 2.4. Cho G la mét do thi tough véi n = 11 dinh. Néu o, =n — 4 thi G la do thi
Hamilton.

Tuy vay, bai toan kiém tra mot do thi cho trudc c6 phai 1a db thi tough/not-tough 1a bai toan
c6 d0 phure tap cao [4].

Pinh li 2.5.NOT-1-TOUGH is NP-complete.

Trén co so cdc dinh 1i 24, Dinh 1i 2.5 va Dinh 1i 2.3 thi nhiéu kha nang bai todn HC thudc
P chi c6 thé trong céc 16p d6 thi théa min g, = n — evéi € = 1, 2, 3ma thdi. Trong [1], D6 Nhu
An va Bui Bic Duong da chi ra la:

Pinh Ii 2.6. Néu d(x) + d(y) = n— 1 cho moi cdp dinh khong ké nhau x va y, thi G la do thi
Hamilton khi va chi khinléva 2 < a = nrl

-

Két qua [1] chi c6 tinh 1f thuyét, vi ban than bai toan xdc dinh chi s6 6n dinh tronge ciing
duoc biét 1a bai toan NPC [5, 6]. Sau ddy chiing ta khao sdt cau tric cdc dd thi rong hon 1 16p
céc db thi théa min o, = n — 1 va xdy dung thudt todn thoi gian da thic xac dinh chu trinh
Hamilton trong 16p d6 thi nay. Trudc hét, ta mé rong két qua ctia Dinh 1i 2.4. cho ca cic trudng
hop n = 11 nhu sau:

Pinh li 2.7. Cho G la mét d6 thi tough véi n = 3 dinh. Néu o, = n — 1 thi G la do thi Hamilton.
Dua trén dinh 1 2.7 ta s& c6 dinh 1i sau vé ciu tric céc d0 thi thoa man o> = n — 1.

Pinh li 2.8. Cho & la mot do thi voi n = 3 dinh théa man g, = n — 1. Khi do xay ra mot trong
cdc truong hop sau:

1. G la do thi 1-tough.
2. Tontaing,n, = Llsaochon =mn, +n, +1va G =Ky « (Kp, UK, )

3ﬂlaséleva4’?ir ELE ﬁgf?ir Kn-:,
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3. CAC BO PE VA CHUNG MINH

Trong phan nay, ta xét mot do thi G véi n dinh va mot chu trinh € trong &. Ta quy dinh mot
chiéu di trén €. Gia sit H1a mot thanh phan lién thong trong V(G ) — V(C) va N-(H) la tap hop
céc lang giéng trén € ctia cdc dinh thudc H va dugc danh s6 lién tiép trén ¢ lan luot ki hiéu 1a
Iy, V3 ...V VOi mdi dinh v £ € ta ki hi¢u v* 12 dinh trén ¢ tiép theo v vé6i chiéu di cho truéc.
Ta ki hi¢u doan dudng trén € bt dau tir mot dinh u £ € va két thic tai v € C (u = v) theo
chiéu da quy dinh béi €~ [u,v], doan dudng theo chiéu nguoc lai ciing tir 1 dén v trén € ki hiéu
1a €~ [u,]. Mot ddy cung ndi hai dinh trén Cla mot duong di ndi 2 dinh d6 va chi chira céc dinh
trong la cac dinh cia & — £ — H. Dac biét, mt canh ndi 2 dinh trén C cling 1a mot ddy cung.

Céc bd dé sau duoc ching minh va st dung trong [8, 9, 13]. Do chitng minh chiing kha don
gian va di tré thanh chuén [2] (ludn bﬁng cich mé rong C thanh chu trinh dai hon) nén chiing ta
khong chiing minh lai cic bd dé nay & day.

B dé 3.1. Néu Cla chu trinh dai nhat trong G thi Ne(H) N N-AH)T = N(H)n N(H) ™ = @.

B6 @& 3.2. Néu G la chu trinh dai nhat trong G thi khéng cé day cung néi 2 dinh ciia N (H)*,
Twong tu, khong co day cung noi 2 dinh cia N-(H)™.

B d 3.3. Néu € la chu trinh dai nhdt trong G va néu v,, v ' € Ne(H) véi i = J thi khong co

-
I'T'I

C™[vuvy] sao cho dong thoi co v, TZT, v Z € E(G).

B6 dé 3.4. Néu C la chu trinh dai nhat trong G va do thi G la 2-lién thong, go=n—1th
Vv € N-(H)T,V(C) — N-(H)* < N(v).
Chitng minh. Xét mot dinh h € H va v € N-(H)™ tiy y. Theo B6 d& 3.1 va B6 dé 3.2 ta c6:
div) = |V(G —C —H)|+ {(|V{(C)| — INAH)T|) = |V(G)| — |VIH)| — [N (H)|,
dih) = |[VH)— 1|+ |No(R)| = |[V(H) — 1| + [N (H)|.

3.1)
vasuyra d{v) +dih) = |[V(G) —1=n—1.Do v & No(H)nén vh € E(G), ta cé:
n—1=g =dlw)+dh) =n-1,
nén xay ra dang thirc va cic bat dang thirc trong (3.1) ciing phai 1a dang thic. Tir d6 suy ra
N{w) =V(G—C—-—H)UV(C—NzH)")vadods Vv € No(H)*,V(C)— NoAH)T € N(v).

Béay gio ta chiing minh cho cic dinh Ii da néu trén.

Chung minh. (Pinh 1f 2.7.) Ta chirng minh bﬁng phan chung. Gia st & la mot dd thi véin = 3
dinh, tough, khong ¢4 chu trinh Hamilton va thoa mén g, = n — 1. Xét Cla mét chu trinh dai
nhat trong G(ton tai do Gla 2-lién thong) va Hla mot thanh phan lién thong cua G — C. Ta danh
s6 cdc dinh ctia N (H) theo mot chiéu trén €14 1, 17 ..., 1. Ap dung BS d& 3.4 cho db thi G2-

lién thong voi g, =n—1 ta c6 N-(H)T —.'.,:_.H,l . That vay, gid st ngugc lai la
N:(H)® = N-(H)~ thi Iudn ton tai v;,v;24 € N ::H ) sao cho v = v ~,. Chon z = 1.4, theo
Bé dé 3.4, dp dung cho v=1v ta c6 v z~ E'"E',u va dp dung cho v= 1., ta co

",z € E(G), mau thudn véi B6 d& 3.3. Mau thuin d6 chung to Nel (H)T = N.(H)™. Véi
5 = N {H) thi, theo B6 dé 3.2, G —5 c6 it nhat k + 1 thanh phan lién thong 1a Hva
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[G,3,{G.} ..., {G,), trong d6 thanh phén lién thong G, chita dinh 17 (G, = G, véi § = j do Bo dé
3.2). S6 thanh phén lién thong G — § nhiéu hon || = k, mau thuln véi gia thiét G1a tough. Vay
rla d6 thi Hamilton.

Chimg minh. (Dinh 1f 2.8) Xét (la 6 thi c6 ndinh va théa man g, =n — 1. Néu Gla tough thi
theo Dinh i 2. 7 la @6 thi Hamilton. Gia sir nguoc lai, G khong tough, nghia 12 ton tai mot tap
dinh S gdom k =1 dinh sao cho dd thi G —5 c6 it nhat t = k + 1 thanh phan lién thong
Gy, Gy G Ch(‘)n1 #j =tvahaidinh x € G; va y € G; tuy y. Khi d6 ta c6:
Nx) e (viGg)—{xhHus.
NG € w(G)-Hhus (3.2)
Suy ra:

d(x) +aly) = |G|+ |G|+ 2k —2= (|G| +|6;|+ (k=1 +k) -1 = G| + |G| + -+
|G|+ 15 —1=n-1
do ¥'s = t,(, ¢6 it nhat 1 dinh va t = k + 1. Do xy € E cho nén n — 1 = d{x) + d{¥) va cic
bat dang thirc trén va cta (3.2) phai trd thanh dang thirc. Suy ra:

1. d(x) = |G;| + k, nghia la G; 1a d thi diy du va x k& voi moi dinh cua S.

2.t=k+1,

3.%s =i,j Do thi G, c6 ding 1 dinh.

Xay ra 2 truong hop
Truong hop & = 1
Trong truong hop nay G = 5« I:H_“_,_ U f(_“_:J Lf{ UK, J véi n; 1a s6 dinh cua
G;(i=1,2)thbamann =ny +n, + 1.

Truong hop & = 2
Trong trudng hop nay, véi mdi 5 = k + 1ty ¥, ta c6 thé chon i, j = 5 va suy ra G c6
ding 1 dinh. Thay doi i chay tir 1 t&i k + 1 suy ra moi dinh cta G, duoc ndi véi tat ca
céc dinh cua 5. Tém lai, v6i { = &k + 1 tuy y thi &; c6 ding 1 dinh va dinh nay ké véi
tat ca céc dinh cua S. Taco &G =5= Ky 4, hay la: K,#Ky:qC GC K,# Kpoq. Khi

do,nléevak = T, do d6:

Kneen Kno grgf?+ * Ko

4. THUAT TOAN PA THU'C XAC PINH CHU TRINH HAMILTON CHO LOP PO THI

ﬁg:in—l

4.1. Mo ta y twong thuat toan

R rang chi mit khoang thoi gian da thirc dé xdc dinh duoc G thude trudng hop 2 hoic
truong hop 3 trong Dinh 11 2.8 hay khong. Két hop véi két qua cia Dinh 1i 2.7 ta c6bai todn xdc
dinh mot dd thi G théa min o5 = n — 1 12 Hamilton hay khong 12 bai toan thudc 16p Pp. De xay
dung thuét toan xdc dinh mdt chu trinh Hamilton trong &, ta phai khdo sat sdu hon vé cAu tric
clia d6 thi trong mdi twong quan véi mot chu trinh £ ciia né.

537



Vi Pinh Hoa, Nguyén Hiru Xuén Truwong

Pinh li 4.1. Cho G la do thi 1-tough, n dinh va 5» = n — 1. C la mot chu trinh bat ky trong G, H
la mot thanh phan lién thong trong do thi G — C. Gid sik cdc dinh ciia N-(H) dwoc ddnh sé theo
mét chiéu quay trén C thir tw la Uy, Vg e, T Néu Ccé khong qud n — 1 dinh thi sé xdy ra mot
trong cdc truong hop sau:

1. Ton tai i =k sao cho v = v..4,
T € E(G) cho i # j nao do,
3. Ton taiz € VG — C— H),khi do = ké vdéi tat ca cdc dinh v,

2. Ton tai AR

4. Ton tai ¢ = k sao cho v = v, L.

Chitng minh. Gia st 1., 2. khong xay ra. Néu ton tai z € V(G — € — H),ta phai chimg minh zké
voi tat ca cic dinh v, va néu 1., 2. va 3. khong xay ra, ta chimg t6 12 4. xay ra. That vay, xét
mot dinh h € Hva v € N-(H)™ tuy y. Do 1., 2. khong xay ra, ta c6:
d{v) = [V(6 - C - H)|+ (VO] = INAH)T ) = [VIG) | = [V(H)| = INe(H),
d(h) = [VIH)| =1 + [Ne(R)| = [V(H)I = 1+ [Nz (H)I. (4.3)
vasuyra d{v) +dih) = |[V(G) —1=n—1.Do v & No(H)nén vh € E(G), ta cé:
n-1=g =dlv)+dly) =|V(H)|-1=n—1,
nén xdy ra ding thirc va cic bat dang thirc trong (4.3) ciing phai la déng thirc. Tir d6 suy ra la:
Viv) =V{6—C -H)UV(C —NAH)T),
N(h) = N (H)U (V(H) - {h}) 4.4)

Néu ton tai z € V(G — € — H), theo ddng thirc (4.4) thi z k& véi moi dinh v € N-(H)7, hay
z ké v6i moi dinh 7.

Néu 1., 2., 3. khong xdy ra,khi d6 G — ¢ — Hla d6 thi rdng. Néu khong xay ra 4. thi
Ne(H)" =Ng(H)".V6i 5 = N-(H),do 2. va 3., f — 5 c6 it nhat k + 1 thanh phan lién thong
1a Hva {1y}, {vs}, ..., {y ). Sb thanh phan lién thong ctia G — § nhiéu hon |S| = k, mau thuan
voi gia thiét (7 1a tough. Tur d6 suy ra dicu phai chung minh.

Nhan thay rang khi 1. va 2. khong xdy ra thi tap dinh {1y, v, ... v5 |12 tap dinh doc 1ap va
theo déng thic (4.4) thi cdc dinh " ké v6i moi dinh cua € — N-{H)". Tuong tu ta cling c6 céc
dinh 1; k& v&i moi dinh cua € — 'f,._— (H)". Trong tru:orng hop 1., 2., 3. khong xay ra thi xay ra 4.,
tirc 12 ton tai § = k sao cho v = 72, ,khi d6 7%, ké v, va v,aq ké 177

4.2. Thuat toan

Xét mot dd thi & véi ndinh thoa man o, = n — 1. Thudt todn sau day s€ xac dinh mot chu
trinh Hamilton € clia & trong thoi gian da thirc. Y tuéng cia thuit todn 12 ta xdy dung mot chu
trinh Ctlly y trong G vé6i thoi gian da thirc, sau d6 dua trén Dinh Ii 4.1 mé rong cdén khi thu
dugc chu trinh Hamilton:

Budéc 1: Xic dinh & khong 1a 2-lién thong bang cdch kiém tra moi dinh v cta Gxem G—
{v} ¢6 lién thong hay khong. Theo Binh 1i 2.8 thi dinh cit phai 12 dinh c6 bac 11 — 1. Tiép
d6 kiém tra xem trong trudng hop G lé 2- lién théng, thi cﬁng theo Dinh i 2 8 lieu
K+>’K" CC_CK+:-'H"

tap dmh nay c6 phai doc lap hay khong. Néu khong théa man didu klen nay thi &la do thi
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tough theo Pinh 1f 2.7. Ta xdy dung mét chu trinh € ciia G bang cach tim kiém theo chiéu
sau.

Buwére 2: Lap
Néu |C| = n thi ding.
Tim H 12 mot thanh phén lién thong cia G — C.
Lép danh sdch N (H) tap hop céc ldng giéng cta Htrén Cva danh sb cic dinh N-(H)
doc theo (lan luot 12 14, 175 ..., 174

Xét cic truong hop tuong tng voi cic truong hop cua 1, 2, 3 va 4 cua Pinh i 4.1.
Trong mdi truong hop nay, ta chi ra ring luén mé rong duoc €.

1. Néu ton tai i: v, € Ne(H).
Tim x, v € H tuong Gng k& v6i v7; va 17 (y ¢ thé tring x).
Tim mot duong di Wtrong Htlr x dén .
C'i={vxWyC*[v7,v.]) 1a chu trinh mé rong cua C.
2. Néu vi: v, @ Ne(H)va 3i,j: v, vy € E(G).
Tim x, v € H tuong tmg ké véi v; va v; (1 ¢ thé triing ).
Tim mot dudng di [¥trong Htir x dén v.
C':=({vxWyC~ [I:.-, v]c _[I:,-_, v:]) 1 chu trinh mo rong cua C.
3.Néu vi, j: v € Ne(HD, v v € E(G)vadz e V(G —C —H).
Chon ¢ = j tiy y va tim x, y € H tuong tmg k& véi =7, va v; (3 c6 thé tring x).
Tim mot dudng di I trong Htlr x dén .
Chi={v;xWyC~ [LJ.-, v ]ZC‘[::,-_, v ]} la chu trinh m¢ réng cua (.
4. Néu i, v ENc (H), vy 8 E(G)vav (G—C—H)=20a.

Chon i ma v” = 1.2, v tim x, v € H tuong tng ké v&i vy, 1,24 (v ¢6 thé tring

x).
Tim mot dudng di W trong Htlr x dén v.
C'i=(vxWyv o CT 17,07, 1C7 [, v;]) 1a chu trinh m6 rong cua €.

Viéc tim €6 Budc 1 can khdéng qua 0(n?) phép toan. Budc 2 sé ding sau khong qud n — 3
budc 1ap, mdi budce lip cuia Budc 2 s& can khong qua (1) phép toan. Do d6, thuat todn trén s&
két thiic sau khong qud O(n?) phép todn.

5. KET LUAN

Trong bai bdo nay ching t6i da khao sat bai todn chu trinh Hamilton trong céc 16p do thi
théa man g, = 1 — 1. Két qua dat dugc trong bai bio chi ra rang bai todn nay thudc 16p P va
chuing t6i da xay dung giai thuét thoi gian da thuc cho phép xdc dinh dugc chu trinh Hamilton
trong thoi gian G(n%).
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ABSTRACT

POLYNOMIAL ALGORITHM TO DETERMINE HAMILTON CYCLE IN THE CLASS OF
GRAPHS SATISFYING g, zn— 1

Vu Dinh Hoa', Nguyen Huu Xuan Truong” "
'Faculty of Information Technology, Hanoi University of Education

Academy of Finace

“Email: Truongnhx82 @ gmail.com

Given a undirected and simple graph with n vertices, we denote &, the minimum of degree
sum of the pair of nonadjacent vertices in (.

In [1] (Tém tat viét 1a [1]?), the authors considered graphs with n vertices satisfying the
conditon ¢{x) + d{y) =n — 1 for all nonadjacent vertices x and y and proved that the given
graphs have Hamiltonian cycles (cycles containing all vertices of the graphs) iff n is odd and

mnt+l

2 < @ =< ——, where g is the independent number (the maximal number of the vertices pairwise

non—adjace;lt). In this paper we consider a large class of graphs which satisfy the inecquality
7= = n— 1. We prove that all graphs with g» > n — 1 have Hamilton cycles except some
special graphs recognized by a polynomial algorithm.

Keywords: Hamilton cycle, NPC,tough, o5 ().
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