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1. GIOI THIEU

Cé&c tinh toan giai tich truyén théng da phan dya trén ly thuyét tam mong caa Kirchhoff véi
gia thuyét vé mat trung binh khdng bién dang da duoc phét trién du rat tét vsi cac 1oi giai caa
Ritz, Reyleigh, Navier...dudi dang chudi nhung chi gi¢i han véi mot sb diéu kién bién nhét dinh
va phan |én chi ding dé giai tim noi luc mathdi. Bbi véi phan tich dong luc hoc bai toan tim thi
céc nghién ciru giai tich dwa trén dinh luat Newton, phuong trinh cong 4o...con han ché hon nita
vi khé khian todn hoc. Mot sb cac phuong phdp xap xi nhu phuong phdp bién phén,
Galerkin...ciing dugc phét trién tuy nhién két qua van rat han ché. Mot sb céc két qua cé thé tim
thay trong [5,11,13]. Cung véi sy phat trién caa cong ngh¢ may tinh hi¢n nay, cac phuong phap
s6 nhu phan tur hitu han, phan tur bién, phuong phap khong phan tir (meshl ess)...da duoc nghién
ctu dp dung vacho két qua rat tot. Cac kho khan vi khdi luong tinh todn nhleu d& dugc méy tinh
Vai toe do va kha nang xu ly cao gidi quyét. Trong tat ca c&c phuong phap s thi phuong phap
phan tir hitu han c6 thé duoc coi nhu mot cong cu rat manh dé giai quyét hiu hét tit ca cac bai
toan co hién nay dic biét |abai todn tim.

Bai bdo ndy mubn gidi thiéu trng dung mot phan tir twong thich vao nghién ciru dong luc hoc
bai to&n tim d6 la phan tir HCT, duoc dé xuét boi batéc gia 1a Hseigh — Clough — Tocher, tuan
theo céc gia thiét tam mong cia Kirchhoff. Phan tu nay ciing da duoc Hung [9,10] va Duong [8]
nghién ciru 4p dung tinh todn va danh gia sai 6 10 giai noi luc cho bai tdan tim vavo.

Chung t6i s¢ trinh bay cach xay dung matran khéi luong cua phan t HCT vamot sb céc vi
du tinh todn, so sanh véi mot so ket qua da c6 hign nay dé danh gia hiéu qua cua phan tir nay
trong tinh todn dong luc hoc két ciu tam.

2. PHAN TU HCT

Phan tir ban dau ¢ 12 bac ty do trén bién (Hinh 1), nhung véi nhiing gia thiét va bién doi,
phan tir HCT s& giam xudng con 9 bac tu do:

Ham chuyén vi cua tirng phan tir c6 thé dugc biéu dién qua céc bac ty do cia ndt va ham
dang: w=N.q @D

v6i: N : lamatran ham dang; q : & vector chuyén vi nit.
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Hinh 1.Phan tir tuong thich HCT véi 12 bac ty do.
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Trong phan tir, ngoai chuyén vi cia cac goc w; con cd cac goc xoay cia mdi goc phan tir.
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Chuyén vi nit cia phan tir by gio duoc biéu dién qua cac phan tir con
wh(x,y) = N®(x,y).q% )
Chuyén vi nt ciia phan tir con 6 1
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q™ la vector bao gém 10 thanh phan chuyén vi, ta sir dung ham da thirc ndi suy bac ba 10
thanh phan caa Lagrange [11] cho mét phan tir con va dugc biéu dién trong hé toa do tu nhién
L=(L,,L,,L,)nhwsau:

w = Pa (7)
trong do:
P=[L] L L} LiL, Liky L5L, L5k, L5k, L3L, LiL,Ly]
a' = [a1 a,a;8,858587, 858, alO]
Pdi véi cac phan tir con k = 1® 3 thi ham dang s duoc biéu dién N(L). Tu (6) tasuy ra
vector chuyén vi toan b cac nit g l&
T_
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Chuyén vi trong phan tir con s6 1 duoc biéu didn nhu sau:
. O U
wO(L) =N g=[N® NO]S ®
eded
N® va N 1an luot 1a cac ham dang ddi véi chuyén vi nit bén ngoai va bén trong (n(t 0).

Tuong ty nhu trong (8), tadp dung cho hal phan tir con 2 va 3, tadwoc mdi lién h¢ giita toan
b6 cac chuyénvi la
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2.1 Matran do cikng
k' = gel'[D]elav = B]'[H][BliA (10
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trong d6: m1asb phan tir con, m=1, 2, 3.
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trong d6: m1asb phan tir con. m=1, 2, 3; Iy, |, lamomen quén tinh caa khdi luong.
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r lakhdi lwong riéng caa vat liéu lam tam.

2.3 Ghép ndi valoai bé nit gitra cia phan tir

O day, trong (9) biéu dién cac thanh phan chuyén vi bac ba cia 3 phan tir con. By gio ching
ta xét 2 phan tir ké nhau c6 chung giao tuyén. Doc theo canh 02 ciia phan tir con s6 1 va 3 trong
Hinh 1, chuyen vi dang duy nhét duoc biéu didn bang céc gia tri chuyen vi ndt tai 0 va 2 nhung
céc do doc phép tuyén |a khéac nhau gitra hai nit. That vay, (5) khdng dién ta dugc mién chuyen
vi tuong thich bén trong phan tir. Pua vao céc diém i, j, k tai trung diém ciia c&c giao tuyén coa
céc phan tir con. Bang cach 1dy vi phan w® caa (8) thi d¢ dbc phép tuyén hudng ra phia ngodi |

q W(1)| [B(” B(l)]eqR
n
ede U
Tur nhitng diéu kién lién tuc tai c&c niti, j, k:
o - 3
ﬂ”W |i,j,k ﬂ”W |i,j,k (12)
Chuing ta thiét 1ap ca&c matran theo nhirng diéu kién tuong thich nhu sau:
g’B(kl) +BO | BY, +BY,0
8" +B? | By +BY 'qu §=0 (13)
é UEHe U
R@ LrO | RO +rAY
83" +B" [ Boj +Bojg
Vi vay:
_ n-l _
qg =- By Bgr =Cqy (14)
Béng céch thay (14) véo trong (9) ta co duoc ham chuyén vi nhu sau:
& ol_ a,
ek gN(z) N(Z)C 4 (15)
®) @ NO
gw H NS N CH
Ma tran do cirng ciia phan tir c6 dwoc bing cach “lay tong” d6 cing ciia 3 phan tir con. Tiép
theo sir dung sy 0 déc tinh (static condensation) dé giam cac bac ty do bén trong phan tu. va sir
dung dieu kién nang lugng toan phan dirng dé tim dugc matran d6 cirng phan ti. Cac tha tuc néu
trén c6 thé tim thay dugc trong [8].
Matran khéi lugng m cua phan tir duoc thiét 1ap theo trinh ty nhu trén, nhu sau:
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Trong d6 chi sb R va E trong c&c ma tran lan luot ding dé quy dinh cho céc thanh phan caa
phén tur tam giac tuwong trng véi cac bac tu do cua cac nat 1,2,3,4,5,6 va cac bac tu do bén trong
ndt 0 ma da dugc gian lugc.

V6i mot phan tir, dong nang Te cd thé duoc tinh nhu sau:

T, = ¢y b fu), v an

~ Manhu tadahiét, do chuyén vi 1a ham thoi gian, c&c diém cua phan tir chuyén dong voi van
toc bang dao hdm bac nhat caa chuyén vi theo thoi gian t:

{w}, =[Nfej,

O day, {&{}e | vector van téc cua cac diém nit caa phan ti.

Suy ra
L2,
T = el SN N v ), = el mfel,
Ve 1]
e 118N MeeURU_ 17+ T 7] Mer reU€6: U
= — A AP = _ C A A
L A R
:%&; (mRR +CTmER + mREC+CTmEECMR
Trong do:
M, = Meg +CTMge + M C+CTMC (18)

Thuc té thiy rang, phan tich cac n(t gitra canh 4,5,6 1a phirc tap. Tuy nhién, néu do doc phap
tuyen thay doi tuyén tinh doc theo canh thi nit tai gitra canh duoc bo di va coi géc xoay tai nit
gitralatrung binh cong ctia cac géc xoay tai nati vandt j:

H aq)(i-l_(q)('(..j a]|+qo
Jx =0, cosa; +q, sina; :gszcosaij +g%19”au (19)
2 [1]

voi k =4, 5, 6 vaa; lagoc gitacac canh ij = 23, 31, 12
Ldc nay phan ta HCT chi con lai 9 bac ty do (thay vi 12) nhung hoan toan tuong thich véi sy
rang buoc vé d6 doc phap tuyen tuyén tinh khac doc theo cac canh bién (Hinh 2).
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Hinh 2. Phan tr HCT sau khi d& gian luoc

3. Vi DU TINH TOAN

3.1 Phan tir HCT vam@t s6 phan tir khéc

Xem xét hai ban vudng 1am bang vat liéu dang hudéng co céc théng sd nhu sau: kich thuéc: a
= 4 m; chiéu day ban: h = 0.1 m; module dan hoi: E = 2.5311" 10° Kg/m? hé sb Poison: n = 0.2;
khéi luong riéng: r = 244.8 kg/m® véi céc diéu kién bién nhu Hinh 3, 4.

_ Chiing ta sz xem xét c4c gid trj tan sb vong cua tim trong 2 mode dau tién. Céc két qua cua
phan ta HCT s& duoc so sanh véi cac ket qua cua phan mem Sap2000 sir dung phan ti thin-plate.
Ngoai ra ¢ day con so sanh véi mot ket qua nghién cau truéc day trong [14]. Phan nay mot luei
chiaduy nhat dugc st dung lalusi 10x10 (d6i voi HCT 1a2x(10x10) nhu Hinh 5). Cac ket qua tur
cac phan tir khac nhau s& duoc so sanh vai [oi giai giai tich (chinh x&c) trong [5].

L a L L g |

4 4

Hinh 3.TAm bbn canh tya don Hinh 4.T4m ba canh twa va mét canh ngam
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Hinh 5.Mode shape ciawy; valuéi chia 2x(10x10) caa phan tir HCT (bén canh tya)
C6 thé thay rang,phan ter HCT cho két qua kha tot. So véi hai phan tir cling tuan theo ly
thuyét Kirchhoff 1a phan tir so 1 va 2 con cho két qua tot hon.

Bén canh twa Ba twa - m&t ngam

1.65 4
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el Sap2000 thin-plate
— —&— — Phan t& HCT

Hinh 6.Sai sb % caa cac phan tir so véi loi giai chinh xéc [5]

Bang 1.Sai sb (%) tan sb ciia cac phan tir trong 2 mode dao dong dau tién so véi [5]

ST ; L Bébn canh twadon Bacanh tya, mot canh ngam
T Céc loai phan tir
W1 W12 =Wy W1 W12
1 Hung[14] 0,539 0,880 0,671 1,098
2 SAP2000 0,736 1,188 0,936 1,510
3 Phan to HCT 0,334 0,859 0,657 1,078

v Do hoi tu cualoi giai s dung phan tir HCT

Sir dung lai c&c dic trung vat lidu nhu trén dé tinh todn. Do min ludi chia dwgc thay dbi nhu
sau: 2x2, 4x4, 8x8, 10x10, 16x16 (& day ghi tat vi phan tir HCT luéi chiathat sy 1a 2x(...)) va
ciing so sanh véi 10i giai giai tich dudi dang sai sd %. Chi khao sét véi mode dao dong dau tién
w1y. Loi giai chinh xéc cho trong [5] cho mode ndy di vai tim bén canh tya la 116.87 rad/sec va
cho ba canh twa— mét canh ngam 1a 140.03 rad/sec. Céc két qua tinh todn dugc trinh bay ¢ Hinh
7 valiét ké trong Bang 2.
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Hinh 7.D6 hoi tu ciia phan tir HCT (a: bon canh tua; b: batya—mot ngam)

Tathdy loi giai ciia phan tir HCT hi tu rat nhanh. do hoi tu dén loi giai chinh xéc khi do min
lugi tang 1én cua HCT larat tot. chi can ludi chiathd 2x(4x4) lasai so gitta loi gidi HCT so voi
giai tich da dudi 2.5% vakhi dén ludi chia 2x(8x8) thi sai so6 nay chi con khoang 1%.

Bang 2. Tan sd dao dong mode dau tién véi c&c ludi chia phan tir (rad/sec) (tim bon canh tya)

L oai phan tir 2x2 4x4 8x8 10x10 16x16
SAP2000 - Thin-plate 96,36 111,44 115,52 116,02 116,54
Phan tir HCT ludi chia2x(...) 129,17 119,71 118,09 117,27 117,23

Bang 2(tt). Tan sb dao dong mode dau tién vai cac ludi chia phan tir (rad/sec)

(tdm batya— mot ngam).

Loai phan tir 22 Ax4 8x8 10x10 | 16x16
SAP2000 - Thin-plate 110,291 | 132,216 | 138,001 | 138,720 | 139,50
Phan tr HCT luéi chia2x(...) | 168,284 | 146,675 | 141,544 | 140,952 | 140,323

Do hoi tu cua phan tir trong Sap2000 ciing rat nhanh nhung hoi kém hon mot chiit so véi cua
HCT. Mot dac biét nira la HCT tirr] den loi giai chinh xac nhu mot can grén con Sap2000 thin-
plate thi nhu mot can dudi. Taco thé sir dung phan tir ndy trong bai toan doi ngau.

3.2 Khao st mat dd lwéi chia sir dung phan tie HCT

Takhao sét thém mét truong hop nira voi tam chir nhat kich thugc Bmx4m. Céc dac trung vat
liu van giit nguyén. C&c ludi chia phan ta khac nhau dugc s dung dé rat ramét ty I€ luai chia
thich hop véi phan t HCT. Cac sai so ctia cac ludi chia cua mode dao dong dau tién (so véi [9])
dugc trinh bay trong Bang 3 va thé hién trén Hinh 8.
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Luéi chia phan t&

Hinh 8.Sai sb (%) so véi |1 giai chinh xéc caa céc lugi chiakhéc nhau.

Bang 3.Sai b (%) so véi 101 giai chinh xéc cua cé&c ludi chiakhéc nhau (tAm chir nhat).

Ludi chia 4x2 4x6 6x4 8x4 8x5 10x5
Sai s6 (%) | 6,672 4,061 1,774 1,549 1,034 0,968
Ludi chia 8x8 10x8 12x8 12x10 15x10 20x10
Sai s6 (%) | 0,876 0,531 0,399 0,35 0,241 0,211

Theo két qua khao sét ta thy, dé co the dat duoc mot sai so Xap xi 1% thi chi can sir dung
ludi chia 2x(8x8) va chi can ting do min ludi dén ludi chiacd ty 1€ chiéu dai gitta hai diém chia
trén canh tam va chiéu dai tam ciahai canh [&1/10 thi loi giai dat dugc d&tuong doi on dinh vai
sai s6 1%.

4. KET LUAN

Bai b&o nay da dé ra duoc cach x&y dung ma tran khdi lugng m cia phan tir HCT va ung
dung vao phan tich dao dong riéng bai toan tim.

Sir dung phan tir HCT ¢4 cho céc két qua tot, 101 giai sb gan nhu sét voi 10i giai chinh x&c khi
ludi chia con kha thd. Biac biét khi so sanh véi phan tir duoc sir dung trong phan mém rét théng
dung hién nay ¢ Viét Nam d6 1a Sap2000 dé phan tich dong luc hoc bai toan tim mong d& cho két
qua twong dbi tot hon. HCT dé cho két qua hoi tu rit nhanh, sb bac ty do caa phan tir ndy ciing it,
do d6 néu sir dung phan tir ndy dé phan tich s& khdng can chia lugi min va cé thé rit ngan duoc
thoi gian tinh toan. Mot dé xuat khi sir dung phan tr ndy 1a chi can sir dung luéi chia cé ty I¢
chiéu dai giira hai diém chia trén canh tim va chiéu dai tim 14 1/10 d& c6 két qua gan chinh xé&c
v6i sai sb nho hon 1,5% cho 2 mode dao dong dau tién nhu da khao sét.

Dic diém hoi tu caaloi giai nhu mot can trén cho bai toan dao dong cia phan tir HCT la mot
dic trung c6 thé tng dung vao loai bai toan phan tich dbi ngau (duality).

Tuy nhién trong khudn khé mot bai béo, bai nghién ciru ndy mai chi phan tich bai toan dao
dong riéng khong xét dén hé sb nhét. Céc van dé dao dong khéc cia bai toan dao dong nhu dao
dong cé can, dao dong vai luc kich thich ... hi vong s3 dugc trinh bay trong cac nghién ciu tiép
theo. Phan tich dao dong bai todn vo mong 1a nhirng phét trién ma céc téc gia dang thuc hién.

Mot huéng phét trién twong lai nita d6 1a van dung ly thuyét tim day caa Mindlin vao loai
phan tir ndy ciing la nhitng nghién ctiru kha thi vi.
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