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TOM TAT. Trong cic phiong phdp tinh todn két cau, phwong phap Phan tir Hitu han
(PTHH) dwoc sir dung réng rdi va c6 do chinh xdc cao. Tuy nhién, viéc tim kiém nhitng phwong
phdp mo phong khac, tin cdy va don gian, dé gidi quyét nhitng I6p bai toan déc thi khdc nhau
van rdt can thiét. Trong bai bdo nay, tac gid giGi thiéu mot phiwrong phap tinh toan ngi luc dam,
khung phang- phwong phdp Phan tr Roi rac Bién thé (PTRRBT). Chwong trinh
KHUNGPHANG xdy dung trén Matlab 6, dwa trén co sé phwong phdp ndy dwoc ding d@é khdo
sdt mot s6 vi du, Két qua cho thay phirong phdp PTRRBT sir dung don gidan va hiéu qua cao.

1. PAT VAN PE

Ngdy nay, voi sy tién bo cua cong nghéi thong tin, viéc img dung may tinh vao viéc gidi
quyét cac bai toan ky thuat da trd nén gan giii. Dé ¢ thé tng dung may tinh, ta can phai mo
phong cac tng xtr ctia hé that, chuyén chung thanh cac hé phuong trinh, st dung toc do va do
tin cdy cua may tinh dé giai cac hé phuong trinh nay.Trong tinh toan két cdu, ta c6 thé dung
nhiéu phuwong phéap khac nhau: phuong phap luc, phwong phap chuyén vi, phuwong phap Phan tir
Hiru han (PTHH) [1-6]... Trong d6, phuong phap PTHH, véi su trg gitip cua may tinh, dang
dugc Gmg dung rdng réi trong cdc bai toan ky thuét. Tuy nhién, viéc tim kiém thém nhimg
phuong phap m6 phong mdi, tin cdy va don gian, dé giai quyét nhitng 16p bai toan dic thu van
rat can thiét.

Bai b4o gi6i thiéu phwong phap Phan tir Roi rac Bién thé (PTRRBT) st dung m6 hinh
chuyen vi voi cac béc ty do 1a cac chuyén vi thang va ap dung phuong phap nay dé tinh toan
két cau. Phuong phap nay duoc xay dung duya trén co s ¥ tuong phuong phap Phan tir Roi rac
(PTRR) da duoc trinh bay trong [1]. Dé ting dung trong viéc tinh toan khung phing, trong [1,
2] da gidi thiéu cac cong thic tinh todn khung phang véi cac bac tu do 1a cac gbc xoay cua
phan tir. Tuy c6 nhiing két qua kha quan nhung cach giai chua tong quat, khé ap dung cho cac
bai toan 16n véi mo hinh phirc tap (khung nhiéu ting nhiéu nhip, lién két dan hoi véi dat, chiu
tai moment tap trung...). Trong [1] cling dé cap t6i mo hinh PTRR st dung mé hinh chuyén vi
v61 cac bac tu do 1a cac chuyén Vi théng, nhung viéc xac dinh cidc ma tran do cung con phuc
tap, can phai noi suy thém st dung ma tran hiéu (submatrix).

Trong bai bao ndy, trén co s¢ phuong phap PTRRBT, tac gia dat muc dich xay dung cac
cong thirc ma tran cta phan tir mau, ghép ndi cac phan tir mau, va tinh toan dim, khung phing.
Chuong trinh KHUNGPHANG xay dung trén Matlab 6.0 dya trén co s¢ phuong phap PTRRBT
duogc sir dung dé khao sat mot s6 vi du va so sanh v6i phuong phap giai tich. Két qua sé cia
cac phuong phap trén dugce biéu dién bang d6 thi va két hop so sanh.

2.PHUONG PHAP PHAN TU ROI RAC BIEN THE

2.1.Phwong phap Phén tir Roi rac
Y tudng co ban cia phuong phap PTRR dugc trinh bay trong [1] la xap xi duong dan hoi
cua hé thanh » thanh cing ndi vdi nhau boi cac 10 xo xoay. D6 cling 10 xo xoay:
El
C= 1
™ ) (1)
Nang lugng tich luy trong moi 10 xo xoay:
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U, Z%Ci(Al//i)z (2

v61 Ay, 1a do léch goc xoay cua hai phan tir lién két vai 16 xo xoay. Ning luong tich liy trong
hé bang tong ning luong tich liy trong céc 1o X0 X0ay.

Phuong phap PTRR [1] st dung cac bién s6 1a cac goc xoay phan tir. Khi chuyén sang su
dung cac bién s 1a cac chuyén vi thang, trong [1] xdc dinh 2 loai phan tir: mot c6 lién két 10 xo
xoay & mot dau, dau con lai 1a lién két khép (phan tir ¢6 lién két khop voi dat), va mot loai co
lién két 16 xo xoay & hai ddu. M6 hinh loai dau tién nhu ¢ Hinh 1.

AX

) |
% N

k k+1

7,

Hinh 1. M6 hinh phin t& miu PTRR sir dung cac bién chuyén vi nat ciia El Naschie [1]

Ning luong tich luy trong phan tu:
1 C
U=—-Cop} =——
PRRCIREYN
Tur diéu kién thé ning toan phan dimg, tir biéu thirc (8U/du, ) va (6U/du,.,,) ta xac dinh
duoc ma tran do cling ph?ln tu:

cl|1 -1
k|= 4
[k]=— L | } 4)
Vi loai ph?m tr c6 10 xo xoay & ca 2 dau thi ma tran d6 cung dugc xac dinh tuong tu va
chi khac ma tran & (4) & chd dugc nhan doi:

[K]=2-5 {_11 _1} ©

(2, =20, +u?) 3)

Ax® 1
Khi tién hanh ghép ndi cic ma tran do cimg phan tir thanh ma tran do clmg tong thé giéng

nhu phuong phap PTHH thi ning luong tich liiy tai mdi khop dan hoi 1a %C (go,f +o; ., ), trong

khi thyc té, ning lugng tich lity nay 1a %C ((z)k+l -0, )2 nén ma tran do cimg tong thé thu dugc

khong chinh xé4c, phai hiéu chinh. Trong [1] di hiéu chinh bang cach xac l14p ma tran d6 clng
téng thé tir hé ban dau, sau do so sanh véi ma tran dugc ghép ndi tir ma tran do cung phén tr va
tim ra ma tran hi€u (submatrix) [1].

Nhu vy, bang phuong phap PTRR trong [1] di thu dugc két qua pht hop véi nghiém giai
tich khi ap dung tinh toan cac vi du khung phing nhung van con ton tai mot sé kho khan: kho
xac dinh d¢ ctng 10 xo xoay khi lién két hai hodc nhiéu hon hai phan tir, lién két cac phan tir co
chiéu dai hodc d6 cung khac nhau, kho xac dinh dg cing 1o xo xoay lién két hé voi dat trong
truong hop tong quat, chua thay dé cap cach tinh cong do moment tap trung gay ra, do chinh
xac ctia nghiém con thap... Phuong phap PTRRBT duoc dé xuit dé khic phuc nhiing kho khin
ké trén.

2.2.Phwong phap PTRR bién thé

Tai mdi 16 xo xoay lién két n phan tir, ta phan tich 16 xo xoay nay thanh n 16 xo xoay méc
noi tiép [6]. Cac 10 xo xoay noi voi nhau tai mét truc chung, va truc nay cling cé thé xoay dugc
trong méat phang. M6 hinh phén tich nay duoc thé hién trong Hinh 2.
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y
X
‘ A0
Truc chun
(a) Biéu dién khong gian (b) Biéu dién trén mat phang

Hinh 2. M6 hinh PTRR bién thé
O hinh 2(a), cac 16 xo dugc gin vao mot truc chung tuyét ddi cing vudng goc v6i mat
phing chura cac phan tir. Goc xoay cua truc chung trong mit phing XY 1a goc 0, goc xoay cua
phan tr quanh truc chung 13 goc ¢. Khi chiéu bang, cac 1o xo xoay sé& trung 1én nhau. Dé dé
quan sat, ta tich cac 10 xo ra khdi truc chung mot doan A nhu & Hinh 2(b), véi gia thiétA —> 0.
bé xac dinh do ctmg 10 xo tai moi dau phﬁn tlr, ta xét mo hinh sau:

Hinh 3. M6 hinh xac dinh d¢ cung 16 xo xoay.

Khai trién Taylor duong dan hoi 1an can diém i, chi xét dén bac 2:

y(xm ) = y(xi )+ y'(xi )(xm -X; )+ y"gXi ) (xi+1 - X )2 (6)

Ta co:

Véi Ay 1a d6 1éch hai goc xoay giita hai dau 10 xo xoay. Thé (7) vao (6), ta xac dinh duoc:
EI
C =2— 8
T (®)
Tuong tu cho dieém xi4, ta co:

EI
Cuy =2 ©)
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A X A ” ~ , o 14 " . X XN 1n , ., . EI X .
Nhu vay, moi phan tir s€ c6 hai 10 xo xoay ¢ hai dau, moi 10 xo c6 gia tri C = 27 . Néu hai

phan tir cung d6 cimg EI, ctng chiéu dai ndi voi nhau thi 16 xo xoay giita ching c6 gia tri
C, = % = El/7 tring véi céch tinh theo [1].

3.PHAN TU MAU - CAC CONG THUC MA TRAN PTRRBT

3.1.Céc cong thirc ma tran
Xét phan tir nhu hinh vé:

— 1

L

Hinh 4. Phan tir Roi rac bién thé

Truong chuyén vi nat phan tir 12‘1{ }= {qi,el., q;,9; }T. Vi chuyén vi 1a bé nén ta c6 thé

e

xap xi gozsingpz%. Ta co:

v { } {} :Z: _l{:i g 1 g} Ei =[Fla.} (10)
0,

J

Vi [F]:l[ 8 8

it oy e P L P

=l[_1 ! O}{qe}=[5]{qe}

L1 0 -1 1L

} duogc goi 1a ma trdn tinh géc nghiéng phan ti.

(11)

1 0 -1 L

Moment phat sinh tai cac 10 xo xoay :

M, C Ay, c. 0
1=y = {emn =[5 & v eTst 02)
M; C,Ay, 0 ¢
r: C 0 \ A A ’ ’ \ A - A \ Aoy ~
Vi [C ] 0 c 1a ma tran do cung cdc lo xo xoay. Theé nang bién dang dan hoi tich luy

-1 -L 1 0 .
Voi [S ] = l{ } duoc goi 1a ma tran tinh do léch goc xoay cua phan ti.

trong h¢ la:
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—_

UE=%[M]T{AV/}=—{%}T[B]T[ cl'[8lq.}= {qe}[ Ja.} (13)

(c,+c,) cL —(C,A+C‘,») C,L

[\

¥ RV~ Tel | C.L -C.L 0
vei [k.]=[8]'[cT[B]=— c+c) - (14)
DX C.L’

Ma tran [K e] duoc goi la ma tran do cing phdn ti.

Gia thiét r.':fmg hé lyc tac dong 1én hé két cAu chi dit tai cac nat. Goi {Pn} la cac ngoai luc
tap trung tac dong 1én cac nut theo cac bic tu do twong img. Khi hé két cau ¢ chuyén vi {5} thi
cong do ngoai luc {P, } sinh ra la:

— T
4=lgf (p} (15)
~ Tuong tu phuong phap PTHH ([4]), ta ghép ndi cac ma tran cua phan tir miu vao ma tran
tong thé cua hé, ap dat cac dicu kién bién. H¢ phuong trinh d€ giai ctia hé c¢6 dang:
& fa)= 1P} (16)

Trong do, [E] 14 ma trdn d@é cimg tong thé, duoc ghép ndi tir cic ma tran do clng phan ti,
{5}— truong chuyén vi tong thé, bao gdm chuyén vi thang tong thé {E }, va chuyén vi xoay tong
thé {q_g }

3.2.Phép dbi bién

Theo cach trinh bay trén, phuong phap PTRR tuong duong voi phuong phap PTHH vé mit
sO lwong cong thirc, khéi lwgng tinh toan. Ciing c¢6 thé xem phwong phap PTRR 1a truong hop
dac bi¢t cua phuong phap PTHH khi ham dang 1a khong lién tuc. Tuy nhién, & phuong phap
PTRR, trén co s6 mo hinh cac phan tir la nhiing doan thang ndi vai nhau bang cac 10 xo xo0ay,
bién dang cua hé két cau lién tuc cé thé bi€u dién bang cac quan hé hinh hoc nén viéc thiét lap
cac cong thirc tinh toan cho phuong phap PTRR don gian hon. Néu nhu ¢ phuong phap PTHH,
cac bien 1a doc 18p v6i nhau, thi trong phuong phap PTRR, do ¢6 quan h¢ cac bién goc xoay va
cac bién chuyén vi thang phu thudc nhau, nén ta c6 thé giam khong gian bién trong phuong
phap PTRR thong qua Phép doi bién. Ta cé trudng chuyén vi phan tir 1a{ e} = {q,. :0,,9,,9; }T .
C6 nghia 1a tai mdi nit, ngoai cac chuyén vi thang, ta con co cac chuyén vi xoay. Xét tai nut
thir k nhu trén Hinh 5.

Hinh 5. Chuyén vi tai nut k
Nut ¢c6 moment tap trung M, duoc lién két véi dat bé’mg mot 10 xo xoay Cu. Gin vao niit
1a 1 phan tir c6 cac d6 cing 16 xo xoay 13 Cyy. NUt ¢6 chuyén vi nhu H.5. Chiéu duong cua goc
xoay va moment la ngugc chiéu kim déng ho. O Cip, k 12 s hiéu nut. /- sb phﬁn ttr lién két véi
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nuat, m iy gia tri i hodc j, 1a chi s6 ctia 10 xo xoay ciia phan tir thi / lién két v6i nut thir k (vi
phan tir thir / 1ién két voi nit £ bang mot trong hai 16 xo xoay cua no).

Moment phét sinh tai mdi 16 xo xoay cuia phan tir:

My, = Ckzm((oz _ek) (17)
Moment phat sinh tai 10 xo xoay lién két v&i dat:
M,, =-C,6, (18)

Vi nut can bang nén tong moment tac dong 1én nut phai bang 0:
M, + chlm ((”1 _ek)_ Cub, =0
C M
z kim (0[ + k (19)
Cy + Z Cun Cu+ Z Ciim
Ung v&i mdi phén tir thir /, ta co:

q;,=4; C m
Cun® :Ck/m( Z]L ZJ:%[_l 1]{qu}
/ /

il e TS S A Y 20)

/

Conpr = {Dl }{;1}

Vi {qZ/ } truong chuyén vi phan tir chi bao gdm cac chuyén vi thing, [Tj ] ma trén bién

Suy ra: 6, =

d6i truc toa d6 chi bao gdm céac chuyén vi thang va [LZI ]— ma tran dinh vi phan tir bao gdm cic
chuyén vi thing vao {E }

(D)= 1 ] ]

/

Thé (20) vao (19) ta co:

0,(:[ 210 ]{E}+ M, :{k}{q7}+Rk 1)

Cy + Z Ciim Cy + Z Ciim

D o
Véi {0, } = [%J 14 ma tran biéu dién mdi quan hé giira 6, va {q_” }

M A . \ A
R, = ———Z—— lathura s0 the hién su tac dong ctia moment tip trung.
Cdk + Z Cklm

Ghép ndi cac 6, ta co:
0| [la} R
() 9 _ {gz} I R ol |+ (&) )

6, 10} R,
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Voi {? }- truong chuyén vi tong thé chi bao gdm céac chuyén vi xoay, [Q]- ma trén c6 hang
thr i1a ma trén {Q,. }Vé {R }-ma tran cot co hang thi i 1a Ri. Sp xép lai trudng chuyén vi tong
thé { } ta co:

)= {Z::} = HIQ]J{CF}— E?e}}} WY+ {R) (23)

o | LA A f7)- o} o ehita o4 X
Voi [J]— [Q] goi la ma tran doi bién, \R (= {R} - ma tran chira cdc moment tip trung.

Tur (23), ta thu dugc:

=) (24)

a q
Néu 6, 1a hang s6 (4p diéu kién bién goc xoay) thi dao ham ctia n6 voi {CF } bang 0. Khi d6, ma
tran [J] s& c6 hang {Q, }: {0}

Ap dung nguyén 1y thé ning toan phan ding (nguyén 1y Lagrange), ta s& c6 diéu kién can
bang cua toan hé tai cac diém nut:

oIl

o)) ) ~
suyra  [K*Jg?|=[P"| goi 1a he phuong trinh dé giai 26)
Véi K7 |=T K], 27)
[P =17 )+ 7 R ]iR) (28)
H¢ c6 n bac tu do, bao gém n chuyén Vi
théng, ny chuyén vi xoay (n=n; +ny)
A 4
Giaihé (19) g Ma tran lEJ c6 kich thuéc nxn »| Doi bién
Gidi hé (34) e Ma tran [K* ] co kich thuoe n, xn, |4

Hinh 6. Luu dd tinh toan

H¢ (26) 1a hé phuong trinh cén bang nat tong thé co dang quen thudc tuong tu hé (16)
nhung v6i trudng chuyen vi nat tong thé chi con lai cac chuyén vi thang, cic chuyén vi xoay bi
loai bo nén s6 an s6 phai tim s€ it hon. Sy khac biét gitta viéc giai hé theo (16) va giai hé (26)
duogc tom tit qua so d6 & Hinh 6.
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4.Vi DU MINH HQA

4.1.Vi du 1: Dam console chiu moment tip trung (Hinh 7).

M M

7 %@ I 1 1
7]
o 9
W R I
L L
(a) Bai toan thyc té (b) M6 hinh Phan tir Roi rac

Hinh 7. Bai toan dam console chiu moment tap trung

Ta chia dam thanh ba phan tir roi rac. Cc phan tir c6 cung tiét dién va chiéu dai bang nhau

nén do ctmg 10 xo xoay tai cac dau phan tir 1a gibng nhau va bang C = % = 6%. Ma tran do
ctmg phan tir cia cac phan tir 1a:
_ I B 1%
2 % A
L _L
K1-l)-lk]-0S| A A
el el el3 12 7, [/
/ 3
DX %
Tién hanh ghép ndi, ta dwoc ma tran d6 cing tong thé:
C I ) . -
2 ZA 2 Lpooo o 0 0
L _L
% -5 0 0 0 0 0
_ L
4 2 0 -2 Lg o0 o
. 2L Ly 0o 0 0
[K ] =9 4 2 L/
3

0 -
2L% -y o
2 -4
DX %)

Vecto tai trong {P, } = {0,0,0,0,0,0,0,M }" . Ap diéu kién bién {g,,q,}" ={0,0}" ta giai dugc

bai toan voi nghiém la:
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q = - = =< —_
qs qs 3 ]S
ﬁ 93 4?
q; 94 ML
qs 4 C
oM
C
2
Xét q, = 3% = %Afé . Chu y trong [1] khong trinh bay cach thirc xac dinh ndi luc trong
. . A R o \ . 1 ME
truong hop chiu moment tap trung. O day, két qua chinh xac cta truong hop nay 1a SE

Tién hanh d6i bién: vi c6 moment tap trung nén ta xac dinh ma tran {E}: %{0,0,0,0,0,0,0,l}.

Ma tran [E] duoc sép xép lai:

2 -2 0 0 % % 0 0
) 4 -2 0 —% 0o L 0
0 -2 4 -2 0 -1 0 %
ool 00 2 2 0 o -Lg -1/
]=9p Ly Ly o o0 Ly o 0 0
Ly 0 -1 0 0 2L29 0 0
A 0 -1 0 0 2L29 0
00 A 0 0 0 L29_
i Ly 0 0 0]
0 % 0 0
-1 1 0 0 0 0 L3 0
a1 3 —% o 0 3 0 o o L
Matran[Q]—z ?) _% 3 % ,[J]—z _1 | 0 /?)
0 0 -1 1 -y 0 % 0
o - 0oV
0 0 -1 1]

Vi goc xoay 6, =0, ap cac dieu kién bién vé gdc xoay vao cac ma tran [K ], [J ] ta co:
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kel brRl=9

Pl-brie

Y R

Ap diéu kién bién {q_lq}z {0} ta giai du’qc bai toan v61 nghiém la:

/—2/0
% %

%

00 -1}

DX

0 0
q_ 1 ML 1 MIL?
1 1ML 1
— 3C 18 EI
{E}: 9\ _ 4MLL=12 ML
“| |3 cC 9 EI
gi) |sML| | 1ML
C 2 EI

Két qua giéng nhu khi chua ddi bién.
4.2.Vi du 2: Khung phing mét tang mot nhip chiu tai trong ngang (Hinh 8)

o 5 - 120KNm MHORNm
) o &
V44 o 7 140KNm 140KkNm
| |

Hinh 8. So dd luc va két qua noi luc theo giai tich [5]

Khao sat d6 hoi tu cua phuong phap PTRRBT theo ) phﬁn tr, moment udn tai chin cot, ta
¢06 d6 thi ¢ Hinh 9:

S8 (%

M (kNm) chian cor

+—PTRR hieu chinh |
#— Giai tich
So chia phiun uy So chia phan ni

Hinh 9. Moment tai chan cdt — P9 hoi tu nghiém
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5. KET LUAN

Trong bai bdo da gidi thi€u phuong phap PTRRBT, chuong trinh KHUNGPHANG dua trén
co s 1y thuyét cua phuong phap ndy va tinh toan mot sé vi du cu thé cho két qua 6n dinh,
dang tin cdy. Phuong phap PTRRBT c6 sé béc tu do it so v6i phwong phap PTHH nén rat co
li thé khi giai cac bai toan 16n, khi giai lap... va dac biét hiéu qua khi giai cac bai toan on
dinh, dao dong.

Do tinh toan don gian, phuong phap PTRRBT c6 thé ¢6 wu thé 16n khi thiét 1ap cac phan tir
mau cho céac 16p bai toan khac nhau: phan tr c6 dau lién két nira clng, cac bai toan dan déo,
khao sat ing xir sau mat 6n dinh (postbuckling behavior). .., va md rong cho cac bai toan khung
khong gian, tdm, vo. ..

LOI CAM ON: Bdi bdo nay dwoc hoan thanh voi sy hé tro ciia Hoi d&ng Khoa hoc Tw Nhién

PLANE FRAME ANALYSIS BY MODIFIED DISCRETE ELEMENT METHOD
USING DISPLACEMENT MODEL

Nguyen Cong Chi, Nguyen Thi Hien Luong
University of Technology, VNU-HCM

ABSTRACT. Among the methods for structures analysis, the Finite Element Method
(FEM) is widely used and provides solutions with a high accuracy. However, it is also
necessary to find more reliable and simple methods for solving different specific problems. In
this paper, the authors propose the method called Modified Discrete Element Method (DEM) to
analyze the internal forces of steel beams, plane frames. Based on this method, the program
KHUNGPHANG developed in Matlab 6.0 was built up to investigate a number of examples.
Numerical results obtained shown the Modified Discrete Element Method is simple to use and

effectiv.
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