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PHUONG PHAP SO PHAN TICH PHI TUYEN VA DAO PONG
TU DO KET CAU CAP
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Tém tat: Bai bdo nay trinh bay phan tich phi tuyén hinh hoc ciia két cau cdp duwdi tdc dung cia tdi
trong tinh hoc nhir cia trong lwong ban than va lwc cdang trude. Phuong phdp phan tir hitu han sie
dung cong thirc Lagrange két hop véi da thire ndi suy dcfng tham s6. So dé ldp Newton-Raphson véi
taz trong gia tang dé xdc dinh chuyen vz tinh hoc ciia két cau cap Ngoal ra, dao dong ti do ciia két
cdu cdp nay cung dirge xem xét, tan so dao dong tw nhlen clia két cau cdp cung duoc xdc dinh theo
phurong phdp phan tir hitu han ddng tham sé nay. Vi du sé dwoc trinh bay dé ddnh gid do chinh xdc
va tin cdy ciia phirong phdp nay so sdnh véi cdc két qua da dwoc cong bo trude day.

Tir khéa: Két ciu cép, phan tich phi tuyén, phan tich dan déo, phuong phap phan tir hitu han, phan
tir cdp, phi tuyén hinh hoc, phi tuyén vat liéu, dao dong tu do.

1. TONG QUAN

Phan tir cdp 1a thanh phan két cdu quan trong
trong nhiéu két cdu cang khac nhau nhu cau day
cdp, cong trinh bién va ngoai khoi, day gia
cudng cho thap, dudng day tai dién, két cau mai
sin van dong... Vi sy Gng xir phi tuyén cao
trong phan tir nay, anh huong cia do mém va
chuyén vi 10n trong cdp nén dugc xem xét trong
viéc thiét 1ap phuong trinh cin bang. C6 hai loai
phan tir cdp, phan tir diy vang voi do vong nho
va phan tir dy vong véi do vong 16n. Cp nong
dugc dinh nghia boi cdp c6 ty s6 do vong trén
chiéu dai nhip nho hon 1:8 theo (Irvine HM,
1981). Mic du so do thyc cua cdp c6 dang day
vong, hinh dang ctia mot phan tir cdp ndng cé
thé dugc xem nhu mot dang parabol. Nhin
chung, hai phuong phdp chinh c6 thé dugc sir
dung dé thiét 1ap phan tir cap: (1) phuong phap
phan tich dya trén biéu thirc giai tich chinh xdc
ctia phan tr diy vong va (2) phuong phép phan
to hitu han dya trén ham da thuc ndi suy.

Trong bai bdo niy, phan tir hitu han c6 hai,
ba va bdn diém niit (theo Nam-Il Kim, Son Thai
& Jaehong Lee 2016) dua trén ham da thiic ndi
suy duoc trinh bay. Trang thdi cin bang cua két
chu cdp dudi tic dung cua lyc cing trudc, trong
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lugng ban than va chuyén vi dugc xac dinh dua
trén phuong phap ham phat. So d6 lap tai gia
taing Newton — Raphson dugc sir dung dé giai
quyét van dé phi tuyén hinh hoc chiu tii trong
tinh hoc cua két ciu cap. Ngoai ra, van dé dao
dong tu do dya trén phuong phdp phan tir hiru
han dé& xuét cling duoc trinh bay dé xdc dinh
mudi tan sb dao dong tu nhién dau tién cta két
ciu cdp va cdc dang dao dong ciia mudi tan sb
dau tién nay.

2. THIET LAP PHAN TU CAP

Pau tién, xem x€ét ba cAu hinh cua ph?m tr
cép dugc biéu dién trong sb hang cua h¢ toa d6
Dé-Céc nhu trén (Hinh 1).
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Hinh 1. Cau hinh ban dau va hai cau hinh
noi tiép cua phan tir cdp
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Chuyén vi gia tang tir cdu hinh (C;) dén ciu
hinh (Cy):
ol =153 (1)
Trong thiét 1ap gia ting, ten xo Green —
Lagrange o€ cua cdp dugc xédc dinh boi phuong
trinh sau:

(2ds) -('ds) =2,¢( as)’ )
_ d x.du, N d u.du, N du,du, 3)
C(kds) (as) 2(%as)

trong d6 ,e va 77 1a bién dang dan hoi va
phi tuyén tuong tmg, xdc dinh nhu sau:

_ d’xdu, dudu,
0¢= (OdS)Z (OdS)2 “4)
7= du.du,
2(%as) )

Do clng tiép tuyén tinh va phi tuyén va véc
to lyc duoc ddnh gid bang cach st dung céc
ham da thiic ndi suy Lagrange. Trong h¢ toa d9
Lagrange, cdc phuong trinh c¢6 thé duoc xéc
dinh cho phan tir duong theo phuong trinh duéi
day:

[ AE,AeAedS + [ AGSARdS =R - [ AoSAeds (6)

S, S, S,

trong d6 S, 1a chiéu dai cung ciia phan tir
cdp tai cdu hinh ban dau; A va E, tuong tmg la
dién tich mit cat ngang va mo dun dan hoi tiép
tuyén ctia phan tir. R 13 cong ciia ngoai lyc.

Phén tich phén tir ddng tham sb:

Cong thirc x4c dinh ham ndi suy chuyén vi
d6i voi cic phan tir dang tham s boi cong thirc
téng quat nhu sau:

e (r=n)
l//k(r):fk(r): N
g L=n k) 7

trong d6 r, 1a toa do tu nhién cua nit i

Toa d6 céc niit X, bén trong phan tir trong hé
toa do Pé-céc c6 thé duge cho nhu mot ham toa
dd nut roi rac nhu sau:

X =) pxt; (i=1,2,3) ®)
k=1
Biéu thirc ma tran duoc trinh bay nhu sau:
x=¥x 9)

trong d6, n 1a sd nit modi phan tir va ¥ la
ham ndi suy chuyén vi ma nhitng hé s6 ctia ham
nay dugc cho trong nhitng s6 hang cia toa do
gbc . Trong bai bdo nay, phan tir dang tham s6
hai, ba va bén diém nit dugc st dung va céc
biéu thuc chi tiét cho ¥ dugc trinh bay trong
(K.J. Bathe, 1996).

w, =Y wats (i=1,2,3) (10)
k=1
Hodc dudi dang ma tran
u=%Yu (1
v' 0 0 v’ 0 0
=0 y' 0 0 ¥ 0 (12)
0 0 y' 0 0 y"

Chiéu dai cung tai mot diém X cua phan ti
cap duoc cho bai:

S, =3y, (ns" (13)

trong d6 S, 1a chiéu dai cung tai diém nit k
tham chiéu dén c4u hinh ban dau.
Déi v6i tinh todn tinh, mbi quan hé Iyc-chuyén
vi gia tang hop luc c6 thé duogc xéc dinh theo:
([Ku]sman +[K0]3n>an){Au}3m<1 :{Fv}ml +{F[;}3n><l _{Ent}snxl (14)
trong d6 [K,] va [K,] tuong Gng 14 ma tran d9
cimg phu thudc chuyén vi va phu thudc ung
suat, {F.} va {Fiu} tuong ung la véc to ngoai
Iuc va ndi luc, {F},} la véc to tai ban than phén
tr. Phan phu thudc chuyén vi cia ma trin do
cung dugc xac dinh nhu sau:
+1
(K.}, = A E; [B,+B,],,,[B,+B.],, |/]dr (15)
-1
trong d6: ma tran quan hé chuyén vi - bién
dang nhé [B,] c6 thé duoc viét nhu sau:

[Ba ]l><3n = [Bol"“’Bnn]

(16)
trong do:
ox, ow* ox, oyt ox, oyt
B =% 9 95
(8], {as as "as as "as as | 17
trong d6
al//k _zawk _Lal//k
as ~os ar |J| or (18a)
dx, odrdx, 1 &yt
s oS or IS or (18b)
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J= Zag: s*

Biang cich sir dung thu tuc chudn cho bai
todn phi tuyén hinh hoc, [B;] dwoc xdc dinh nhu
sau:

[B.],, = [Bui>-

trong do:

ou, oy du, oyt Oy oy’

(], = {as s '9s oS " as as } @D

ou, Ordu 1

s s & A

Ma tran d¢ ctirng phu thudc tng suit c6 thé
dugc xdc dinh nhu

[ G]xnxxn J[BNL]xnx1|: :|[BNL]|J|dr (23)

19)

B,,] (20)

(22)

oy Wy’ |
s 0 0 s 0 0
|y ¥ W
[Bul,,, = O 5 0 05y O 24)
' Wy’
_ 0 0 - 0 0 %
c 0 0
[o],.=[0 o 0 (25)
0 0 o
Téi ban than phan ti {F,} duoc cho bsi:
+1
T
{Fb}anxle,“H] {fb}|‘]|dr (26)
-1

trong d6 {f»} 1a trong lugng trén mot thé tich

don vi theo cac hudng X, va

v' 0 0 w' 0 0
— 1 n
[H],, =0 v 0l L0y 0 27
0O 0 v 0 0 vy

Véc to nodi lyc phan tir {Fi} c6 thé duoc xdc
dinh nhu:

T

{Fu}ya = AIG[B +B,] |J]ar 28)
3nx1

3. XAC PINH TRANG THAI CAN BANG
BAN DAU CUA CAP

Pbi véi phan tich dan déo phi tuyén két ciu
cdp, trang thdi cin bang ban dau cta cdp ¢ thé

duogc xdc dinh dau tién va s dung phuong phap
ham phat theo sau:

1 NS

= {uf (K}~ {R)+5 (=i 29)

trong d6 [K]=[K,]+[K,] 1a ma tran do
ctng tiép tuyén, {R}={F.}+{F,} 1a véc to tai
ngoai luc; o 12 hing s6 10 xo a0 véi gid tri twong
doi 16n.

([K]+0{eje]T,){u}:{R}+a11;ej

Pé xdc dinh trang thdi cin bang ban dau cia
hé cdp bang cich giai bang phwong trinh cin
bang gia ting két hop v&i phuong phap ham
phat nhu sau:

([K]+ae,e] ){Au} = {R}+a ue, ~{F,.} (31)

4. PHAN TICH DAO PONG TU DO

4.1 Phwong trinh co ban dao dong tw do
cia hé ¢6 can

[Mu(t)+[Clu(e)+[K Jut) =0 (32)

trong d6: [K]=[K,]+[K.y] 12 ma tran do
clmg gdm thanh phan tuyén tinh va phi tuyén.

[M] 12 ma tran khi lugng dugc xédc dinh tir
phép cau phuong Gauss:

(911 pA] (Y ()

[C] 1a ma tran can nhdt xac dinh theo phuong
phép Ryleigh véi hé s6 dic trung:

[C]=a, [M]+ay [K] (34)

VOi ay, g trong tng 12 hé sb khdi lugng va
hé s6 can ty 1¢ do cung xéac dinh qua hai tan s
riéng dao dong tu do w, wy va ty sb can cua két
céu &1, &2'

20,0,

05M_a)2 wlz( DG~ wl‘fz)

Oy =—7—"75 2 ( 252 wé:l)

a)—a)

(30)

(33)

(35)

(36)

4.2 Xac dinh tan so6 dao dong tu nhién ciia h¢
D6i v6i phuong trinh (32) khi phén tich dao
dong tu do khdng can hé c6 dang sau:

[Mu@)+[K Ju()=0 (37)
Nghiém chuyén vi ctia phuong trinh (37):
ut) =G, (38)
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([K]-@;[M])G.e™ =0 (39)

trong d6: wy, Gy lan luot 1a tan s tu nhién va
véc to chuyén vi cua dao dong thir k.

Tan s dao dong tu nhién cua cic dang dao
dong duoc xac dinh véi dinh thtc (40) dudi day
¢6 gid tri bang 0:

[K]-wi[M] =0

5.viDU SO

5.1 Phan tich tinh hoc cip don tng suit
truéc chiu tai phan bo déu

O vi du diu tién nay, ching ta xét cdp Ung

..

(40)

w=wu+wg

IRERERERNENE

sudt trude v6i cdu hinh duoc thé hién trén Hinh
2 va cdc thong sd k¥ thuat thé hién & Bang 1.
Phan tir cdp ndy da dugc nghién ciu boi
(Jayaraman va Knudson, 1981), (Ozdermir,
1979) and (Desai et al, 1988), cdc két qua
chuyén vi ctia nghién ctru nay sé& dugc so sanh,
danh gid véi céc nghién ctu trén. Ban dau, mo
hinh cdp 1a khong Gng suat va bién dang véi
chiéu dai ban dau 1a L. Dé xdc dinh cdu hinh
can bang cua cép, chiing ta st dung thuat todn
ham phat dé danh gid voi cdc budc gia ting tai
trong & cac vong 1ap ctia md hinh.

TRANG THAI BAN DAU

RERRRREEY

N

\. CAU HINH CHUYEN V|

N

254.0 m

Hinh 2. Cdp g sudt trudc chiu tai phdn b déu

Bang 1. Dic trung clia cap don vmg suét trudc

Céc thong s6 S6 ligu
Dién tich mit cit ngang 41,94mm’
Mb dun dan hoi 131.0kN / mm*
Trong luong ban than cap w, —46.12N /'m
Chiéu dai ban dau ctiacdp Lo |  253,98m
Ung suét ban dau cua cép 131.0kN / mm?*

Trong vi du nay, phan tir dang tham sb hai
diém ndt, phan tir ba diém nit, phan to bdn
diém nit duoc khao sat tir 2 dén 256 phan tir

trén chiéu dai cap chiu tai trong phan bd déu w,
= 3,5024 N/m. Chuyén vi ngang va dung tai nit
2 tai gilta nhip duoc trinh bay ¢ Bang 2 béi
nghi€én ctu nay va cdc nha nghién cuu khic,
dong thoi so sanh két qua nghién ciru thu dugc.
Két qua thu dugc boi phuong phdp kién nghi dé
cia nghién ciru tring hop véi cdc két qua cua
cic tac gia khac da cong bd. Pong thoi, phan tir
tuyén tinh sir dung da thirc ndi suy bac thip hon
cho thay két qua hoi tu cham hon, phan tir c6 4
ndt chuyén vi hoi tu rat nhanh.

Bang 2. So sanh chuyén vi dimg tai mit 2 dw6i tic dung ciia tii phan bd déu (m)

Két qua nghién ctru Jayaraman . .
4 g Y R N y Ozdermir, Desai et al
_ . . ., | Sophan | Chuyén | va Knudson
w, = Loai phan tr , . 1979 (1988)
tur vi dung (1981)

-3,5192
-3,3770
-3,3456

W, = Phan tir hai 16 -3,3379 3.3434 33426 33411

—-3,5024N / m diém nut 32 33361 = _’ ~

64 -3,3356
128 -3,3355
256 -3,3354
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2 33526

23,3366

8 33355

Phan ti ba 16 -3,3354
diém nut 32 -3,3354
64 33354

128 23,3354

256 33354

2 23,3354

33354

8 33354

Phan tir bon 16 -3,3354
diém nut 32 -3,3354
64 33354

128 33354

256 23,3354

5.2 Phan tich dao dong tu do két ciu cap
rng suét trwde va tai phan bd déu

Trong phan nay, st dung phan tr dang tham
sO ¢6 hai, ba va bon diém niit dé phén tich tan s6
dao dong tu nhién cua hé cap don ng luc trudc.
Két qua phan tich tan s6 dao dong ty nhién cia
hé duoc khao sét boi chia phan tir voi s6 phan tir
tir 2 dén 128 phan tir. Tan sé dao dong tu nhién
dau tién duoc dua ra boi (Ozdermir, 1979) 1a
0.3582Hz.

Két qua ctia muoi tan s6 dao dong tu nhién
ctia hé dugc thé hién ¢ Bang 2 khi khao sit phan

tr ddng tham s c6 hai, ba va bon diém nit
tuong tmg. Két qua hoi tu cia tan s6 dao dong
tu nhién dau tién thu duoc tir nghién ciru nay l1a
0.3852Hz, tring véi két qua cia tic gia
(Ozdermir, 1979) dua ra. Dé dat két qua nay,
d6i voi dang phan tir dang tham s hai diém nit
can chia 128 phan tu, trong khi phan tir dang ba
va bdn diém nit twong tng s6 phan tir 12 16 va 4
phan tir. M6 hinh phén tir bén diém nit cho két
qua hoi ty nhanh nhéat. Trén Hinh 3 thé hién
mudi dang dao dong tu nhién dau tién ciia phan
tur cap.

Bang 3. Mudi tian so dao dong diu tién ciia phan tir cap

Loai ) Mode dao dong
phan tir |phantir| 1 2 3 4 5 6 7 8 9 10
2 ]0.4058 | 8.7575 - - - - - - - -
. .14 103920 | 0.6637 | 1.0808 | 8.1553 | 17.5252 | 28.4724 - - - -
Phan,m 8 | 03870 | 0.6205 | 0.9641 | 1.3345 | 1.7457 | 2.1688 | 2.5235 | 8.0013 | 16.3054 | 25.2302
d}::rln 16 | 0.3857 | 0.6094 | 0.9256 | 1.2430 | 1.5768 | 1.9237 | 2.2888 | 2.6724 | 3.0755 | 3.4945
it 32 | 0.3853 | 0.6067 | 0.9160 | 1.2198 | 1.5312 | 1.8446 | 2.1635 | 2.4870 | 2.8169 | 3.1531
64 | 0.3853 | 0.6060 | 0.9136 | 1.2140 | 1.5198 | 1.8249 | 2.1322 | 2.4401 | 2.7500 | 3.0612
128 | 0.3852 | 0.6058 | 0.9130 | 1.2126 | 1.5170 | 1.8200 | 2.1244 | 2.4284 | 2.7333 | 3.0383
2 03891 | 0.6583 | 1.1664 | 7.9795 | 15.9993 | 28.6942 - - - -
4 103856 | 0.6104 | 0.9358 | 1.2475 | 1.7174 | 2.2290 | 2.7774 | 7.9521 | 15.9541 | 24.2338
Phantr| 8 | 0.3853 | 0.6061 | 0.9145 | 1.2180 | 1.5316 | 1.8526 | 2.1858 | 2.4547 | 2.9737 | 3.3995
badiém| 16 | 0.3852 | 0.6058 | 0.9129 | 1.2125 | 1.5172 | 1.8209 | 2.1270 | 2.4343 | 2.7447 | 3.0581
niit 32 | 0.3852 | 0.6058 | 0.9128 | 1.2122 | 1.5161 | 1.8185 | 2.1221 | 2.4252 | 2.7290 | 3.0327
64 | 0.3852 | 0.6057 | 0.9128 | 1.2121 | 1.5161 | 1.8184 | 2.1218 | 2.4246 | 2.7279 | 3.0309
128 | 0.3852 | 0.6058 | 0.9128 | 1.2121 | 1.5161 | 1.8184 | 2.1218 | 2.4246 | 2.7278 | 3.0307
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2 03856 | 0.6098 | 0.9547 | 1.3239 | 2.0941 | 7.9506 | 15.9997 | 24.4676 | 32.7813 | 52.8414
0.3852 | 0.6059 | 0.9140 | 1.2201 | 1.5371 | 1.8758 | 2.2475 | 2.5384 | 3.3912 | 4.0707
Phintir| 8 | 0.3852 | 0.6058 | 0.9129 | 1.2122 | 1.5166 | 1.8199 | 2.1257 | 2.4405 | 2.7467 | 3.0660
badiém| 16 |0.3852]0.6058 | 0.9128 | 1.2121 | 1.5161 | 1.8184 | 2.1218 | 2.4247 | 2.7282 | 3.0315
nit 32 | 0.3852 | 0.6058 | 0.9128 | 1.2121 | 1.5161 | 1.8184 | 2.1218 | 2.4246 | 2.7278 | 3.0307
64 | 03852 | 0.6057 | 0.9128 | 1.2121 | 1.5161 | 1.8184 | 2.1218 | 2.4246 | 2.7278 | 3.0307
128 - - - - - - - - - ;
z
X
z
X

6. KET LUAN VA KIEN NGHI

6.1 Két luan

Phuong phdp phan tir hitu han ding tham s6
két hop phép cau phuong Gauss dugc st dung
dé xdc dinh tmg x\r ciia két cau cdp dudi tic
dung tinh hoc va dao dong ty do dem Iai hi¢u
qua cao. Phuong phép sd dugc phat trién dya
trén ham da thirc ndi suy Lagrange dé xdc dinh
va phan tich két cau cdp nay. Phan tir dang tham
$6 c6 hai, ba va bdn diém ndt duoc st dung,
trong d6 két qua cta phan tir bon diém nit cho
sy hoi tu nhanh hon trong tinh toén.

Két qua thu duoc tir bai bdo nay so voi céc
nghién ctru khéc cho sai s6 nho.

TAI LIEU THAM KHAO

\— mode 10

Hinh 3. Muoi dang dao déng tw do ciia cdp hai phan tir

6.2 Kién nghi

Phuong phdp phan tir hitu han ding tham s6
sit dung dé phan tich tinh hoc va dong hoc két
cAu cdp c6 d6 chinh xdc va hiéu qua trong giai
quyét cdc van dé lién quan dén co hoc két cdu
va vat ran. Két qua ciia nghién ctru nay c6 thé
dugc xem xét str dung 1am nén tang co ban cho
céc nghién ciru khéc c6 anh hudng nhiéu boi két
céu cdp nhu phi tuyén vat lidu, ung xir ctia két
cAu cdp khi chiu cdc tic dong cua dong dat hay
gi6 theo thoi gian. Ngoai ra, c¢6 thé sir dung
phuong phdp nay dé tinh todn cdc két ciu cap
khadc nhu cau day ving, ddy vong, két cdu mai
san khau, cong trinh ngoai khoi. ..
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Abstract:
NUMERICAL METHOD OF STRUCTURAL CABLE FREE VABRITION
AND NONLINEAR ANYLYSIS

This paper presents the geometrically nonlinear analysis and free vibration analysis subjected to
self-weight, pretension, and external loads. The finite element procedure is used the Lagrangian
formulation associated with isoparametric interpolation polynomials. The Newton-Raphson
iterative scheme with incremental load determined the static displacement of the cable structure. In
addition, the free vibration of this cable structure is also considered, the natural frequency of the
cable structure is also determined by the parametric finite element method. Numerical example is
presented to evaluate the accuracy and reliability of this method in comparison with previously
investigated results.

Keywords: Cable structures; Nonlinear analysis; Elasto-plastic analysis; Finite element method;
Catenary cable element; Geometrical nonlinearity; Material inelasticity, Free vibration
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