KHAO SAT DAO BONG CUA HE HAI BAC TU DO CO CAN

NCS. NGUYEN PAC HUNG

Tém tit: Viéc khdo sat dao dong cua hé hai bdc ty do co6 cdn la thiét ldp va gidi hé phwong
trinh vi phén cdp hai khéng thuan nhdt. Pay la van dé kha phirc tap, nén ngweoi ta chi tim nghiém
riéng ma chwa tim dwgc nghiém tong quadt. Trong cong trinh nay, tac gid trinh bay cdch thiét lip va
gidi bai todn néi trén va tim nghiém tong quat cia bai todn duwdi dang gidi tich. Két qud nay la co
s nghién ciru bai todn ha chim két cau la vt rdn tuyét doi vao dat bang cach ghép hai mdy rung.

Pit van dé

Trong cac tai liéu [1], [2], [3], [4] d& c6 mot
sO tac gia nghién ctru bai toan dao dong cia hé
c6 hai bac tu do va ung dung ctia né vao bai
toan ha chim két cdu dugc coi 1a vat ran tuyét
d6i vao dat bang cach ghép. Nhung céc tac gia
chua tim duoc nghiém tong quat cua bai toan
dudi dang gidi tich tuong minh. Trong cong
trinh nay, chung t6i tiép tuc khao sat bai toan
dao ddng cua hé co6 hai bac tu do va tim nghiém
tong quat dudi dang giai tich tudng minh.

Thiét 1ap bai toan

1. M6 ta bai toan

Hé dao dong gém hai may rung khdi luong
m;, my dat trén hé 16 xo c6 do cing 1a Cy, C, va
bd gidm chin c6 hé sd 1a oy, o, chiu luc cudng
buc Py, P,. Van téc goc cua 2 may rung 13 o.
Toa d6 cua may mdt va may hai tai vi tri can
bﬁng l1a hy, hy. Fis 1a ma sat nhot & mat bén caa
may mot (hinh 1).
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2. Thiét 1ap va giai phwong trinh vi phén
chuyén dong
2.1. Thiét Igp phwong trinh vi phéan chuyén dong
Ap dung phuong trinh Lagrange loai II, ta co:
d oTr, oT

— (=) ——=0, i=1,2 1
7 ( 8q‘,.) 2. 0, i D
T: dong nang cua hé:

I . |
T =2 mg; +—myd; &)

Q; (i=1,2) 1a cac lyc suy rong gom luc cod
thé, luc can, luc kich dong.
0 0
Qi = _E __iﬁ +
0q; 04

7 : thé nang cua hé.

o7 3)

i

1 1
7T=5C1q12 +EC2(Q2 _QL)z @)

¢ : ham hao tan cua hé.

1 . 1 . . 1 .
¢:Ea1q12+5a2(‘]2_%)2+5k%2 Q)
Q" (i=1,2) 1a céc luc cudng buc suy rong:
Q" =Pjcosmwt + Pcosmt;

Q," = Pycosmt 6)
Pao ham T, © va ¢ theo toa do va van tde suy
rong, sau do6 thay vao (1) ta co:
m1‘.]'1 +(6‘(1 +k)q1 _az(q.z _ql)+
+Cq, - Co(4, ~4,) = (R + P)cos ot Q)
myg, +a,(g, _‘?1)+C2(‘12 _‘h):Pz cos ot
2.2. Gidi hé phwong trinh vi phdn chuyén
dong (7)

Piéu kién dau: q;(0) = h;; q0) = hy;
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¢,(0)=0;4,(0)=0
Cac hé Sé m, mp, O, 0O, Cl, Cz, Pl, Pz, k, ,
hy, hy 1a cac hang s6 khong am.
Bién d6i hé (7) vé dang sau:
{mlql +m,i, +(a, +k)g, +C,q, = (P, +2P,)cos wt (7
Mg, +a, (4, —¢,)+C, (g, —q,)= P, cos ot
He (7°) viét dudi dang phuong trinh ma tran 1a:
AQ+BO+CQ=F (8)
Trong do:

4o m, m, . B a,+k 0 ‘
Lo m, ) B -a, a,)
—C G q,

7o (P +2P))cosmt
- P, cos awt

2.2.1. Tim nghiém tong quat cua hé thuan
nhat tiwong ing

Hé thuan nhét tuong tng cua (8) 1a:

AQ+BO+CQO=0 9)

Tim Q = ZeM véi z:[zl}ﬁo.

Z,

Pao ham 0,0 thay vao (9) va chia hai vé

cho ", ta duoc:

(AM*A +AB+C)Z=0 (10)
Vi Z # 0 nén tu (9) suy ra:

det(\’A +AB+C)=0 (11)
Suy ra

AA+AB+C =

| Pmy+ A, + k) +c Am,

- —-Aa, —c, Am, +Aa, +c,

oA +al’ +bA +cA+d =0
Trong do:

ma, + mya, + myk +m,a,
a= ;

(12)

9

m.m,

mc, +a,a, +a,k+m,c, +myc,

9

b

m,.m,
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s o,k +ca,
m,.m, ’
13
d=_5%_. ()
m,.m, ’
Giai (12) theo phwong phap Ferrary dé
tim A
Lap phuong trinh phu tro:
v’ —by? + (ac —4d)y + (4bd —a’d —c?) =0 (14)
Ap dung cong thic Cardano dé tim mot
nghiém cua (14) ta duogc:

2 3
J%:b+d_q+ .

3 2 4 27

(15)
2 3
+%4_4+P
2 4 27
Trong do:
bZ
=ac—4d ——;
b 3
abc+8bd 2b° )
=———-———-ad-c
3 27
Theo Ferrary tur (12) suy ra:
2rE-oarE-n=0
GG )
2+E+Hi+E =0
+(2+§) +(2+77)
véi
2
a ay, —2c
:1/——b+ i =—2 16
4 4 Yo nm 47 (16)

Bdon nghiém cua (16) ciing 1a nghiém cia
(12) va c6 cac truong hgp nhu sau:

a. Truong hop A la mot nghiém thuc, don
cua phwong trinh ddc trung.

q Pm, +da, +c
0 = U 1 2T | u (17)
q, Aa, +c,
b.  Truong hop A la mot nghiém thuc, kép
cuia phwong trinh ddc trung.

Khi do Q, nhu (17), nghiém Q, = [q”

qx»

] = Qlu(t)a

iy \ A 1o Ao g u, (1)
v6i u(t) 1a ma tran ham can tim. u(¢) = .
u, (?)



Dao ham Q, theo t va thay Q,,0,, 0, vao (9) ta co: u, +Gu, =0
P 1 (a)

AQjii + (240, + BO, )i = 0 (8) i+ G, =0 (b
G, =24+ Gtz
. mz, +m,z, (19)
voi
G2 :22_'_ aZ(ZZ _Zl)
m,z,
Giai phuong trinh (a), (b). ta dugc:
21 (-G
-Gyt —G,t - €
—Gt e e’ G
u =\|edt = U, = E— = — 1
I I IR ey 0, 5 o (20)
GZ
c. Truong hop 2 la cap nghiém phuc cua phwong trinh dac trung hi> = o £ 1p
0= ((mzaz —m, B +a,a+c, ) +i2myaf +a, ,B)Jem (cos it +isin )
. (,a+cy)+i(a,f)
Thi 5 5 .
0, - ((mza —m, B + o, + cz? —i2m,af +a, ﬂ)jem (cos it —isin )
(a,a+c,)—i(a, )
bit H=mya’-m,p’> +a,a+c, ; L=2mo0ff +a,p 21
M =a,0+c,; N=a,p
H +ilL - t :
Thi Q, = “(cos Bt +isin ft); = e” (cos fBt —isin ft);
i 0 [MH.N} (cos fi +isin f1); O, (M_Z.Nj (cos fit —isin fi)
0 = 4 ) | g, =e” (H cos ft — Lsin fr)
" {91 ) g, = e (M cos ft— Nsin ) (22)
0 - 92 ) | g, =e™ (Lcos ft+ Hsin ft)
" g0 ) gy = €™ (N cos Bt + M sin fr)
NGHIEM TONG QUAT CUA HE PHUONG TRINH (9)
Q= CiQit CQut C3Qs3+ C4Qq. ‘ ‘
Vi Cy, C,, Cs, C4 1a céc hang s6 dugce xac dinh tir diéu kién dau cua bai toan.
2.2.2 Tim nghiém riéng cia hé khéng thuan nhdt
{mlql +m,q, +(a, +k)q, + Ciq, = (B +2P,)cos ot
. L (7)
m,g, +a,(q, _41)+C2(% _%): P, cos wt

J_{q_l:al cos ot + b, sin ot

Tim nghiém riéng dudi dang: @ =4 .
q, =a, cosmt+b, sin ot

q,
Vi ay, a, by, by dugce xac dinh nho ma trén sau day:
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¢ —mlco2 —m,w w(a, +k) 0 P+ P,

2 2
—o(a, +k) 0 ¢, —m —m,@ 0
2
—-c, c, — Mo -, o, P,
2
a,w -a,w -c, c, —M,® 0

Dit A= xuv—cuz —v(x* +2z°) Ay = uvz + cux — y(x* +z°)
B = yuz —u’v+xuv By =xyu —uvz — c,u’

Ci= pyuz+(uv—vu)(p, +2p,) Co= (c,u—xy)(p, +2p,)
D=AB,-A;By; D1 =ByC, -B|Cy; Dy=A1C - ACy

o =2 b :Dpl+2Dp2—xD1+uD2'

D’ ! Dz ’

_ D(p, +2p,)x—(x* +z*)D, + xuD, .

N Duz ’

5 bz

3. Nghi€m ciia bai toan

0= ClQl +C2Q2 +C3Q3 +C4Q4 +§

(23)

(24)

(25)

(26)

Trong d6: Ci, Cy, Cs, C4 12 cac hang s6. Qi, Qz, Q3, Q4 12 nghiém tong quat cta phuong trinh

thun nhét. O = (ﬂ} la nghiém riéng duogc xac dinh ¢ trén.
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q,

Céac truong hop nghiém cua bai toan phu thudc vao A;, A, (trong do A, A, 1a biét thuc cua
phuong trinh tht nhat va thir hai cta (16).

3.1. Truong hop thir nhat: Ay, Ay>0

Phuong trinh dac trung c6 4 nghiém don, thuc A;, A, A3, A4
g, = Cke™ + C k,e™ + Cike™ + C,k,e™ +a, coswt + b, sin ot
g, =Cle™ +C,Le™ +C,l,e™ +C,l,e™ +a,coswt +b, sinot

Y
k,=4m,+La,+c,

Trong do: i=123,4)

l.=Aa,+c,
Cy, Cy, C3, C4 duge x4c dinh nho ma tran hé s6 1a:
k, k, k, k, h—a,
[, [, I l, hy—a,
Ak, Ak, Ak, Lk, —-bo
Al AL Al Al —bo
3.2. Truong hop thir hai: A;>0, A;=0
Phuong trinh dac trung c6 2 nghi€ém don A, A, va mot nghiém kép Az =124

k _ .
q, = Cike™ + C,k,e™ + Cik,e™ +C, (——3 e 1 q, cost + b, sin ot
31

/ - .
g, =C/le™ +C,Le™ +C,l,e™ +C, [— 2 ey a, coswt +b, sinat
32

27)

(28)

(29)

(30)



G, =24,
, mky +m,l;
Trong do: I —k
Gy, =22, + 22t =)
m,l,

Cy, Cy, C3, C4 duoc xac dinh nhd ma tran hé sd 1a:
k

k, k, ks - Gi; h —a,
l l l - 1—3 h, —a

1 2 3 G32 2 2

k
Ak, Ak, 23"{3 _Gi(ﬂﬁ_Gu) -bho

31

/
Al Al Al _G%%(%_Gn) —bho
32

3.3. Truong hop thir ba: Aji=A=0
Phuong trinh déc trung c6 2 nghiém kép A ;=21 va A3=24
k3

k - _ .
g, =Cke™ +C,| ——% """ + Ck,e™ +C,| ——— """ +a, cos wt + b, sin wt
G 37

Q

11 31

/ [
q,=C/le™ +C, (— 1]e”'0”)’ +C,Le™ +C, (— G3je%c32)’ +a, coswt +b, sin ot
12 32
a, +k)k
G, =24, +—( LI
mk, +m,l,
Trong do:
o, —k)
G, =24 +—2—1—1
n =24 mil,

Ci, Gy, C3, C4 duoc xac dinh nho ma tran hé so la:

k - k - h —a
1 G, 3 G, 1~
/ l
l; — L - h, —a,
G, Gy,

k k
Ak, _Gil(ﬂl_Gn) Ak _G73(13_G31) —ho

11 31

/ [
Al (4 =Gy) Al _G73(13_G32) —bw

12 32

3.4. Truong hop thir tu: A>0, A;<0

Phuong trinh dac trung c6 2 nghiém thuc don A;,A; va cap nghié¢p phtc a £ if

g, =Cke™ + Ck,e™ + C,e® (H cos Bt — Lsin ft)

+ C,e” (Lcos ft + H sin t) + a, cos wt + b, sin ot

g, =C,le™" +C,l,e™ +C,e™ (M cos Bt — N sin fit)

+ C,e” (N cos ft + M sin ft) + a, cos it + b, sin wt

(31)

(32)

(33)

(34)

(35)

(36)
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Trong d6: H =m,a’ —m,B° +a,a+c, ; L=2m,af+a,f

M=a,0+c,;N=a,f (37)
Ci, Cs, Cs, C4 duge xac dinh nhd ma tran hé sé la:
k, k, H L h, —a,
[, [, M N h,—a, (38)
Mk, Ak, oH-pL oalL+pH | -bo
Al A, oM —-PBN aN+pM | —-bw
3.5. Truong hop thir nam: A;=0, A,<0
Phuong trinh dac trung c6 nghiém thuc kép A=A, va cdp nghi€m phuc o + i3
k .
g, = Cke™' + CZ(— G—lJe(’i‘"G”)’ + C,e™ (H cos ft — Lsin fr)
11
+C,e”(Lcos St + H sin t) + a, cos wt + b, sin ot (39)
l :
g, = Cle" +C,| —— [ 1+ C,e”(M cos St — N sin f)
12
+C,e”(N cos St + M sin fr)+a, cos ot + b, sin @t
Cy, Cy, C3, C4 duoc xac dinh nhd ma tran hé sd 1a:
k
k, -—L H L h, —a,
Gll
/
Zl - G_l M N h2 —a,
k 12 (40)
Ak, —G—‘(}t1 -G,) aoH-pL al+pH | —bw
11
[
Al —G—‘(il -G,) aM—-pN oN+pM | —b,w
12
3.6. Truong hop thir sau: A<0, A< 0
Phuong trinh dac trung c6 2 cép nghiém phuc o + i} va o+ i[3*
q, = C,e”(H cos St — Lsin ft)+ C,e” (L cos St + H sin fr)
+C,e”(H cos ft—L sin Bt)+C,e” (L cos ft+ H' sin ft)+a, cos et + b, sin wt @41

g, = C,e™ (M cos Bt — N sin fr) + C,e™ (N cos St + M sin fSt) +
Cie” (M cos ft— N sin Bt)+ C,e” (N cos ft+ M sin Bt)+a, cos ot + b, sin ot

* * * * * P ®
Trongdo: H =ma” -m,pB° +a,a +c,; L =2ma f +a,p
# *
M =a,a +c,;

Ci1, Cy, Cs, C4 duoc xac dinh nho ma tran hé so la:



*

*

H L H L h, —a,

M N N e 3)
oH—-pL olLl+pPH aoaH -pL alL+pfH -bw
aM -~pN aN+pM oM —B'N o' N +pM | -bw

KET LUAN

Cac h¢ s6 m,m,,a,a,,C,C,, P, P,k
@,h,h, 1a hing s6 duong, nén nghiém i, Az,
A3, Ag O gia tri am. Do d6 thanh phan dao dong
tw do ciia 4;,9,>45,9 s& tién dén t&i 0, khi d6
hé lam viéc trong ché do binh 6n.

M0 hinh cuia bai toan trong bai bao nay phtic
tap hon cac bai toan trong [1], [2] [3], [4].
Phuong phép giai bai toan ciing c6 su thay doi
bang cich dua hé phuong trinh vi phan cép hai

Tai liéu tham khao:
A. Sach tiéng Viét:

thudn nhat dang tong quat vé phuong trinh bac 4
téng quat va st dung phuong phap Ferrary dé
tim nghiém tong quat cta bai toan dudi dang
giai tich tudong minh va xét toi caa truong hop
ctia nghiém c6 thé xay ra ma trudc d6 chua co
cong trinh nao nghién cuu.

Két qua nghién ciru nay 1a co so cho viée
khao loai bai toan ha chim két ciu vao dat béng
cach ghép hai may rung.
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Abstract
STUDY ON VIBRATION OF TWO FREEDOM BLOCKED SYSTEM

NGUYEN DAC HUNG

Studying vibration of the two freedom blocked system is setting up and solving unhomogeneous

differential equation system. This problem is rather complex, so only specific solution is found but
not general one. In this article, the author explains the way to set up and solve the above mentioned
task and find out the general analytic solution. This result is a foundation for studying task to lower
absolute solid structure into the earth by combining two vibrators.

Nguoi phdn bién: PGS.TS. Khéng Doan Dién
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